Y. Sw Dixmier Conjecture (arXiv:1107.1115, Prepared July 6, 2011, Revisited December 25, 2011) 1 

Poisson algebras, Weyl algebras and Jacobi pairs ^ 

Yucai Su 

Department of Mathematics, Tongji University, Shanghai 200092, China 

Email: ycsu@tongji.edu.cn 

Abstract. We study Jacobi pairs in details and obtained some properties. We also study the natural Poisson algebra 
structure (V, [■, ■], •) on the space V := C[y]{{x^T^)) for some sufficient large A'', and introduce some automorphisms 
of ("P, [■,■], ■) which are (possibly infinite but well-defined) products of the automorphisms of forms e^'^" for H £ 

a;"'^~~C[j/][[2:~«]] and t^ : {x,y) i-> [x.y ~ cx~^) for some c G C. These automorphisms are used as tools to study 
Jacobi pairs in V. In particular, starting from a Jacobi pair {F,G) in C[3;,y] which violates the two-dimensional 
Jacobian conjecture, by applying some variable change {x,y) M- (^x'' , x^^*" {y + aix^''^ + • ■ ■ + atx^'''')) for some 
f—^ ' b,bi £ Q+,ai G C with fei < 1 < fe, we obtain a Jacobi pair still denoted by {F,G) in C[x f^ ,y] with the form 

Cn ' F — x^+i (/ + Fo), G — x™+" (g + Go) for some positive integers ni,n, and f,g€ C[y], Fo, Go G x^~C[x^~ ,y], such 

fj ' that F, G satisfy some additional conditions. Then we generalize the results to the Weyl algebra W — C[u]((w^~)) 

/•^ , with relation [u, v\ — 1, and obtain some properties of pairs {F, G) satisfying [F, G] = 1, referred to as Dixmier pairs. 
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1 Introduction 

It is a well known fact that if n polynomials fi,...,fn are generators of the polynomial ring 
C[xi, ...,Xn], then the Jacobian determinant J(/i,. ..,/„) = detA G C\{0} is a nonzero constant, 
where A = {dxfi)fj^i is the n x n Jacobian matrix of /i,. ..,/„. One of the major unsolved 
problems of mathematics [24] (see also [5, 9, 29]), viz. the Jacobian conjecture, states that the 
reverse of the above statement also holds, namely, if J(/i,. ..,/„) € C\{0}, then /i,...,/n are 
generators of C[3;i, ...,x„]. 

This conjecture relates to many aspects of mathematics [1, 12-14, 23-26] and has attracted 
great attention in mathematical and physical literatures during the past 60 years and there have 
been a various ways of approaches toward the proof or disproof of this conjecture (here we simply 
give a short random list of references [2, 6, 8, 11, 15-18, 20, 28-30]). Hundreds of papers have 
appeared in connection with this conjecture, even for the simplest case n = 2 [3, 21, 22]. However 
this conjecture remains unsolved even for the case n = 2. 

Let Wn be the rank n Weyl algebra, which is the associative unital algebra generated by 2n 
generators ui, ...,ii„,ui, ...,Vn satisfying the relations [nj,nj] = [t'i,i'j] = 0, [i'j,tii] = 5ij, where the 
commutator [•, •] is defined by 

[a,b\=ab — ba fora,^^!^^. (1.1) 

Under the commutator, Wn becomes a Lie algebra, denoted by VF^, called the rank n Weyl 
Lie algebra. With a history of 40 years, the Dixmier conjecture [10] states that every nonzero 
endomorphism Wn is an automorphism. This conjecture remains open for n > 1. It is well known 
[4, 7] that the rank n Dixmier conjecture implies the n-dimensional Jacobi conjecture and the 
2?i-dimensional Jacobi conjecture implies the rank n Dixmier conjecture. 

In this paper, we study Jacobi pairs in details and obtained some properties. We also study 

the natural Poisson algebra structure ("P, [•,•], •) on the space V := C[y]((x~^)) for some sufficient 
large N, and introduce some automorphisms of {V, [•,•],■) which are (possibly infinite but well- 
defined) products of the automorphisms of forms e^^ for H ^ x ~NC[y][[x~N]] and Tc : {x,y) i— ;■ 
{x,y — cx~^) for some c € C These automorphisms are used as tools to study Jacobi pairs in 
V. In particular, starting from a Jacobi pair {F,G) in C[a;,y] which violates the two-dimensional 
Jacobian conjecture, by applying some variable change {x, y) i-^ (x'', x^~^{y+aix~^^ +■ ■ ■+akx~^'=)) 
for some b,bi G Q+,at G C with 6j < 1 < b, we obtain a Jacobi pair still denoted by {F,G) in 

I 1 m n 

C[x N ^yj with the form F = x™+i (/ -|- Fq), G = x'"+" {g + Go) for some positive integers m, n, 

and f,g £ C[y], Fo,Go G x~^C[x~^ ,y], such that F,G satisfy some additional conditions (see 
Theorem 3.30). 

Then we generalize the results to the Weyl algebra W = C[i']((ti~^)) with relation [u,v] = 1, 
and obtain some properties of pairs {F,G) satisfying [i^, G] = 1, referred to as Dixmier pairs. 
In particular, one can define the Newton polygon NP(F) of F as for the case of Jacobi pairs 
(cf. Subsection 3.5 and arguments after (5.17)). We can suppose NP(F) has a vertex {mo,m) 
with < mo < m. First (as in the case of Jacobi pairs), from the pair {F,G), by applying 

some automorphism, we obtain a Dixmier pair still denoted by {F,G) in C[n iv,t;] with the 

m n 

form F = u'^+"{f -\- Fq), G = u^+"{g + Gq) for some positive integers m,n, and f,g G C-[v], 
Fq,Go G u~^C[u~^ ,u], such that F,G satisfy some additional conditions (cf. Theorem 5.2). 

By applying the automorphism {u,v) i— ?> {v, —u), we can assume F has a vertex {mQ,m) with 
niQ > m > 0, and we can further assume that the slope of the edge located at the right bottom 
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side of Supp-F and with the top vertex being {mQ,m) is positive (as for the case of Jacobi pairs), 
which turns out to be 1 (cf. (5.17) and Theorem 5.3). Furthermore, the coefficient of the term 
y^mo-i^m-i ^g always ^^^ (if we assume Coes{F,u"^'^v"^) = 1). We remark that this is the place 
where the great difference between Newton polygons of Jacobi pairs and Dixmier pairs occurs; for 
the Jacobi pairs, an edge of the Newton polygon can never have slope 1 (cf. Theorem 3.25). 

The main results in the present paper are summarized in Theorems 3.6, 3.25, 3.30, 4.1, Corollary 
4.2 and Theorems 5.2, 5.3. 

2 Definition of the prime degree p, notations and preliminaries 

In this section, we first give some notations and definitions, then we present some preliminary 
results. 

2.1 Notations and definitions 

Denote by Z,Z+,Z„,N, Q, Q+, C the sets of integers, non-negative integers, negative integers, 
positive integers, rational numbers, non-negative rational numbers, complex numbers respectively. 
Let C{x, y) = {tj I P, Q E C[x, y]} be the field of rational functions in two variables. We use A, B, C 
to denote the following rings (they are in fact fields and A,C are algebraically closed fields): 

-4 = {/ = E hx' I /* G C, Supp^/ C a - iz+ for some a,/3 G Z, /3 > 0}, 

B = A{{y^'^)) = {F =Y. FjV^ I Fj ^ A, Supp^F C a - Z+ for some a G Z}, (2.1) 

C = {F= X; Fjy^\Fj G A, SuppyF C a--Z+ for some a,/3GZ, /3>0}, (2.2) 

jeQ ■ P 

where 

Supp^/ = {i eQlfi^O} (the support of /), 

Suppj^F = {j G Z I Fj 7^ 0} (the support of F with respect to y). 

Denote d^ = ^ oi -^, dy = §^. For F = EieQ.jGZ fij^'v^ ^ ^' ^e define 

SuppF = {(i, j) I fij / 0} (called the support of F), (2.3) 

and define 

deg^,F = max{f G Q | /jj 7^ for some j} (called the x-degree of F), 
degj^F = max{j G Z | /jj / for some 1} (called the y -degree of F), 
deg F = max{i + j G Q | fij 7^ 0} (called the total degree of F). 

Note that a degree can be —00 (for instance, F = 0), or -|-oo (for instance, deg2..F = degF = +00 
if F = X^^o x^^y~^)- An element F = X^^g /«?/"*"* is monic if /q = 1. 

For any h = x"^ + Y.'^i Kx"'^ G A with q G Q, /3 G N, and for any a G Q, we define /i" to be 
the unique element in A: 

/i« = x'^"(l + Yl hix'^y = x"'' ^ ( ){EhiX~^y =x"° + £/ia,ix"""?, (2.4) 

i=l 7=0 J i=l i=l 
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where the coefficient of x"'°' i^ , denoted by Cocs{h"'i x^°^ '' ), is 



and 



ri+2r2H Viri=i^ 1^1, f 2, ■■■,1^: 

ri,...,ri>0 



a \ _ a{a - 1) • • • (a - (ri H h rj) + 1) 



I ' 



ri,r2,...,ri ) ril-'-r,! 

is a multi-nomial coefficient. Note that if Supp^-Zi C a — -gZ,^, then Supp^/i" C aa— gZ^. Similarly, 
for any F = ^^q fiV^'^ ^ ^ with /o 7^ 0, and for any a, 6 € Z, 6 7^ with b\am, we can define 
F~b to be the unique element in B (note that if 6/am, we can still define F^ , but in this case it is 
in C instead of B): 

" am , 2^ 1 -s 2l 2. am SS., am ■ , , 

^{i + Efo f^y )' =fo'y~ + EfaAjy~''^ (2-5) 





F-^ =fo'y- 


where 




Ja,b,j 


„ , ^^o. am ■ 

= CoesiFb,y—-^ 



E (,^ J ,.)/r---/;vl"^"^-^^^^ (2.6) 

ri,...,rj>0 

Definition 2.1 (cf. Remark 2.2) Let p € Q and F = E£o/i2/™~* ^ -^ ^i^h /o / 0. If 

deg^./i < deg^./o + pi for all i with equality holds for at least one i > 1, (2-7) 

then p, denoted by p{F), is called the prime degree of F. We set p{F) = — oo if F = foy"^, or set 
p{F) = +CXD if it does not exist (clearly, p{F) < +oo if F is a polynomial). 

Note that the definition of p := p{F) shows that the support SuppF of F, regarded as a subset 
of the plane M?, is located at the left side of the prime line Lp := {(mo,m) + z(p, —1) | 2; € M} 
(where tuq = deg^fo) passing the point {mQ,m) and at least another point (i, j) of SuppF (thus 
—p~^ is in fact the slope of the prime line Lp): 



F^ (2. 

Components 





Supp F ^^^ ^ ^W 



Remark 2.2 It may be more proper to define the prime degree p to be 

,^pdeg,/.-deg,/o_ (2.9) 

«>i i 

Then in case F S C[x , y ], both definitions coincide. However, when F ^ C[a; , y ], it is 
possible that the prime line Lp defined as above only passes through one point of Supp F. Since 
we do not like such a case to happen when we consider Jacobi pairs in later sections, we use (2.7) 
to define p instead of (2.9). (For example, for F = y + X^i^o^*^"*' ^^ ^^ ^^^ (2-9) to define p, it 
would be 1; but if we use (2.7) to define p, it is +cx).) 
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Let p ^ ibcx) be a fixed rational number. We always assume all elements under consideration 
below have prime degrees < p (and in the next section, we always take p = p{F)). 



Definition 2.3 (1) Let 



F=E fiV""-' e B with /o ^ 0. 

j=0 



In what follows, we always use m to denote m = degyF and use tjiq to denote deg2,/o = mo 
until (3.79). We call x"*"?/™" the first term of F. Suppose p{F) < p. For r € Q, we define 
the p-type r-th component (or simply the r-th component) of F to be 

oo 
Frn = Z Coeff (/^, X™0+^'+^P)x"^0+''+^Py"^-\ (2.10) 

•j=0 

which simply collects those terms fijX^y^ of F with {i,j) located in a line parallel to the 
prime line (cf. (2.8). One immediately sees that -Fm = if r > and Frg] ^ 0. We remark 
that if p{F) > p then it is possible that Fm 7^ for r > 0. 

(2) Suppose F = Y^^Q fiy"^~^ £ C{{x~^))[y] with /o being a monic Laurent polynomial of x and 
p{F) = p. 
(i) We call Fiqj the leading polynomial of F, and i^[<o] '■= X]r<o^H ^^^ ignored polynomial 

of F. 
(ii) We always use the bold symbol F € C[x^^] [y] to denote the unique monic polynomial of y 

(with coefficients being Laurent polynomials of x) such that Fiqj = x"^'^F"^ with m' € N 
maximal (we always use m' to denote this integer). Then (a polynomial satisfying (2.11) 
is usually called a power free polynomial) , 

F^H^ for any i7GC[x=^i][y] and A;> 1. (2.11) 

We call F the primary polynomial of F. We always use d to denote 



m 

7 



III 

d = degyF, thus m' = —. (2.12) 



(3) An element of the form 



H = f^Cix'^°+'Py'">-' £ B with q G C, ro e Q, ao G Z+, 

i=0 

(i.e., its support is located in a line) is called a p-type quasi-homogenous element (q.h.e.), 
and it is called a p-type quasi-homogenous polynomial (q.h.p.) if it is a polynomial. 

Lemma 2.4 (1) p{F) = p{F^) ifa,b^ 0. 

(2) p[FG) < niax{p{F) , p{G)} with equality holds if one of the following conditions holds: 

(i) p{F)^p{G) or 
(ii) F, G both are polynomials, or 
(iii) F,G are p-type q.h.e. such that FG is not a monomial. 

(3) Suppose p{F) < p. Then p{F) = p if and only if FtQ-t is not a monomial. 
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Proof. (1) We immediately see from (2.6) that deg^fa,b,i < deg^./J' + ip{F), i.e., p{F~b) < p{F). 
Thus also, p{F) = p((Ft)a) < p{F^). Hence p{Fi) = p{F). 

(2) and (3) are straightforward to verify. D 

Note that the equality in Lemma 2.4(2) does not necessarily hold in general; for instance, 

F = {y + x^){y + x^) = y^ + (x^ + x^)y + x^ G = {y + x^)"^ 

with p{F) = p{G) = 3, but FG = y + x"^ with p{FG) = 2. 

2.2 Some preliminary results 

We remark that the requirement that any element under consideration has prime degree < p is 
necessary, otherwise it is possible that in (2.14), there exist infinite many r > with Ht^] 7^ and 
the right-hand side becomes an infinite sum. 

Lemma 2.5 (1) Suppose F = X^^^q-^*' ""^^^re Fi = Yl^o fijy"^'~'' ^ ^ {and all have prime 
degree < p) with /jo 7^ 0, deg^ fio = miQ such that mQ>mi>... (in this case Yli^o-^i '^^ called 
summable) . Then 

^ [r] = Z^[^i)[r+moo-rhio+p(mo-mt)]- (2.13) 

i=0 

(2) An element is a p-type q.h.e. <^=^ it is a component of itself. 

(3) If F is a p-type q.h.e. with degyF = m, then Fb is a p-type q.h.e. ifb\am. 

(4) Let H,K £ B with prime degrees < p, and r G Q. Then {where "m " is defined as in (2.10)) 

(^^)h= E H[.,^]K[r,V (2.14) 

ri+r2=r 

(5) Let F be as in Definition 2.3(2). Let £ € Z with d\£. Then for all r S Q, x~ m (-F™)[r] 
€ C{x,y) is a rational function of the form F^P for some a € Z and P € C[x ][y]. 

(6) Let P,QgB with prime degrees < p and Q j^ 0. Then each p-type component of the rational 
function R = q is a rational function. Furthermore, there exists some a € N such that the 
p-type r-th component i?M =0 if r ^ — Z. 

Proof. Using (2.10), (2.5) and (2.6), it is straightforward to verify (l)-(3). 

(4) Suppose H = Ei^o^iy""*' ^ = Ei^o^i?/'^"* ^i^^ dega,/io = ao, deg^-Zco = /3o- Then 
HK = Er=oX^y''^^~' with Xi = Es,+s,=^ Kks,. Thus 

Coeff(Xi,x"°+*+''+^P)= E E Coes{hs„x''"+^^+'^P)Coes{ks„X^O+-^+^^P). 

ri+r2=r si+S2=i 

Hence we have (4). 

(5) We have F = Eo>sgQ^H ^nd F[o] = x"oF""'. Thus 

£ A; 

= y^ -y ( m \rj.~{i^+-+tk)-ma y\(f, ,)**ira-(<i+---+*fc)'»' . 

0>reQ sitiH hSfcifc=r ^ ti,...,tk / j=i 

0>si>->Sfc 

tiGZ+,fc>0 
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By (4), if the j-th component of (Fr^.i)*' is nonzero, then j = Siti. By (2) and (3), if the j-th 
component of Fd~'*i^ ^'*fc)™ jg nonzero, then j = 0. Thus by (1) and (4), the r-th component of 
x~ m Fm for r < is 



k 



siti+---+Sktk=r^ tli---j'tk ' i=\ 



X ^(F^)m= E U '". U-(*i+-+*.)™oj3(^j^^j)*»^3-(ti+-+t,K^ (2.15) 



0>si>--->Sfc 

tiGZ+,fc>0 

which is a finite sum of rational functions of y with coefficients in C[2;^^] by noting that every 
component -F[s.] is a polynomial of y and that the powers of F in (2.15) are integers and {r | Fj^j ^ 
0} is a finite set. 

(6) By (4) and (5), 

R[r]= E P[r,]{Q-\,]- (2.16) 

ri+r2=r 

Since every component of the polynomial P is a polynomial, and P has only finite nonzero com- 
ponents, thus the sum in (2.16) is finite. By (5), {Q~^)[r2\ is a rational function. Thus we have 
the first statement of (6). The second statement follows from (2.15) and (2.16). D 



Equation (2.15) in particular gives 



(F^)[oj =x^^Fd. (2.17) 



Remark 2.6 Suppose F = ^ is a rational function such that deg^F ^ and P, Q have the same 
prime degree p and the same primary polynomial F , then PrQi = x°'F , Q\q\ = x'^F for some 
a, b,c,dG Z, so Pro] = x°'~'^F ~ . In this case we also call F the primary polynomial of P if 6 7^ d. 

The result in Lemma 2.5(5) can be extended to rational functions as follows. 

Lemma 2.7 Let F,G G C{{x~^))[y] with prime degree p and primary polynomial F. Let x^^^y"^, 
x"Oy" be the first terms of F and G. Let a,beZ, F = F^G^ G C{{x~'^)){y) with m := degyF = 

am + bii^O. Set ifiQ = aiUQ + buQ. Let i £ 7j with d\i . Then for all r G Q, x~~^ (F^)!,.] ^ 'Ci^^y) 
is a rational function of the form F°'P for some a G Z and P G C[x^^][2/]. 

Proof. By Lemma 2.5(5) (by taking i = am or bm), each component of P", G^ is a rational 
function of the form F"'P. Thus the "'" version of (2.15) (which is still a finite sum by Lemma 
2.5(6)) shows that we have the result. D 

The following result generalized from linear algebra will be used in the next section. 

Lemma 2.8 Suppose H G C{{x~^))[y] such that degyH > 0. Let tti G N. Suppose there exists a 
finite nonzero combination 

P := EPrH^ G C((x-i))(y) for some pi G C((x^i)). (2.18) 

in 

Then H = H^ is the ^-th power of some polynomial Hi G C{{x~^))[y], where d = gcd{m,i \pi 
7^ 0) is the greatest common divisor of the integer set {m,i \pi 7^ 0}. 
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Proof. We thank Dr. Victor Zurkowski who suggested the following simple proof. Applying 
operator -^-jjdy to (2.18) iteratively, we obtain a system of equations (regarding pj if m as unknown 

variables). Solving the system shows piHm ^C{{x~^)){y) for all i. Then induction on #A (where 
^ = {z I Pi^O}) gives the result (when ^A = l, it is a well-known result of linear algebra, one can also 
simply prove as follows: Suppose Hm =0 for some coprime polynomials R,Q, then Q"^H'^ = R'^. 

Since C{{x~^))[y] is a uniquely factorial domain, by decomposing each polynomial into the product 
of its irreducible polynomials, we see that H is the ^ -th power of some polynomial). D 

We shall also need the following lemma. 

Lemma 2.9 Let /3 G C\{0}. Let Aoo = C[zi,Z2, ■■■] be the polynomial ring with oo variables, and 
denote zq = 1. Set 



where 



hp{x) = 1 + E Zrx'] = Y: hjX^ € Aoo[[x]], (2.19) 

^ i=l ^ j=0 

hp,i = Coeff(/i/3(x),x0 = E { . ^ . )z\'---zi^ for ie Z+. 



ii+2i2-\ \-m,im=i 



^l,...,^, 



m 



Then for all r G Z+, we have 



oo oo 

Y^ (s(/3 + 1) - r)zshp^r-s = and J2 Zsh^^r-s = /i/3+i,r- (2.20) 

s=0 s=0 



Proof Taking derivative with respect to x in (2.19), we have 



oo \ /3— 1 / °° 



E Jhpjx^ = /5( E Zi^'l ( E JZjX- 
Multiplying it by E£o ^«-^* ^^"^ comparing the coefficients of x^'^^ in both sides, we obtain 

oo oo 

E (?■ - s)Zshp^r-s = I^Tj SZshp^r-s, 

i.e., the first equation of (2.20) holds. To prove the second, simply write hpj^i{x) as hpj^i{x) = 
hi3{x)hi{x) and compare the coefficients of x*". D 

Let F,G e B such that 

oo oo 

F=E fiy"^-', G=Z m""-' for some fu gj G A, fm + 0, (2.21) 

i=0 j=0 

with m = degyF > and n = degyG, we can express G as 

oo _ ■ 

G = YbiP"^ for some h G A, (2.22) 

1=0 

where by comparing the coefficients of y"~*, 6j can be inductively determined by the following 
(cf. (2.6)): 

771(1 (n — z) 1- J - 

bi = h ^ {9i- Ybjfn~j,m.i~j), or more precisely, (2.23) 



h = h-^^U-Y.h, E (,,'", )!?■■■ f^h^^ (n+-+.™)™„y (2.24) 



"r^ ,...,rT>, >0 
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Similarly, we can express the polynomial y as 



y=J2biF^, (2.25) 

i=0 



where bi (z A is determined by 



mUl-i) / J — 1 _ l~i ™n(l-i) / N /\ 

k=h-^^(6.,o-Eh E (,,'", )/r •••/;;- /i^^-^^^+'+^-N. (2.26) 



r-i ,...,rm>0 



We observe a simple fact that if F,G S ^[y] then F~^ does not appear in the expression of G in 
(2.22) (we would like to thank Professor Leonid Makar-Limanov, who told us the following more 
general fact and the suggestion for the simple proof). 

Lemma 2.10 Let F,G ^ A.[y] be any polynomials with degyF = m, degyG = n. Express G as 
in (2.22). We always have bim+n = for i > 1, namely, all neyative integral power of F cannot 
appear in the expression. 

Proof. The proof can be obtained by regarding F and G as polynomials in y, from an observation 
that jGdF is a polynomial while the term with F~^ would require the logarithmic term in 
integration. Iteration of this observation of course shows that the coefficients with all negative 
integral powers of F are zeros. D 

More generally, we have 
Lemma 2.11 Let F ^ B with deg F = m > and A;, £ € Z with m ^ —k. Then in the expression 

y^F^ = Yl Ci^iF^^^ with a^i e A, (2.27) 

i=0 



the coefficient of F ^ is 



C , m + fc /?, 

Q,™+fc+^ = ^Coeff F^^,2/"^ . 2.28 



t-i 



In particular, the coefficient ci^i in y = X^^g Ci^iF rn is 



Ci,i = -T^Coeff(F'^,y-') for all e y^ i. (2.29) 

We also have co,o = 1 cLnd 

1 OO 1 

Ci,e = E^Coeff(i^,y™-^)Coeff(F-\y— ^+^) = -Coeff(i^-'9,F,y-^) tfi>0. (2.30) 

Proof. For any A ^ B with deg^A = a, we always use (until the end of this proof) A^. to denote 
the homogenous part of A of y-degree a — r, i.e.. 



Ar = Cocff(^, y^-ly"-', r G Z. (2.31) 
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Comparing the homogenous parts of y-degree k + i — (r — s) in (2.27), multiplying the result by 
(s(^^ + 1) — r)Fs and taking sum over all s, we obtain (note that both sides are homogenous 
polynomials of y of degree m + k + i — r) 



E (.(^ + l)-r)F,(/F^),„, = f;Q, Yl {4'^ + ^)-r)Fs{F'^)r-^-s, (2.32) 



k + i N \^/ ll^±^ V^ V^ / /k + i: 

k+e 



where on the right-hand side, the terms with i = vanish by (2.20) (we take Zr = ^, P = -^ in 
(2.20)), and {y F^)r~s, (-F ^ )r-i-s are the notations as in (2.31). Note from definition (2.31) 

that {y^F~^)r-s = yHF~^)r-s- For i y^ m + k + i, we write s(^ + l) - r in both sides of (2.32) 
respectively as 

,k + £ . m + k + £/,k.\ ri ,„„x 

s + l)-r = ls(— + l)-r) + -, 2.33 

m m+k \ m ' J m+k 

.k + e . m + k + £ ( ,k + t-i . \ {r - m - k - tji ,„ „^, 

and substitute them into (2.32) (using (2.20) again, the first terms in the right-hand sides of (2.33) 
and (2.34) then become vanishing), we obtain (where the first equality follows from the second 
equation of (2.20)) 

-y\F^^)r = —-y' E Fs{F^^)r-i-s 



m + k m + k' 



{r-m-k-l)i k+i^ 

L Q,i L . , . . . Fs[F m )^_i_^ 

i<i^m+k+e sez+ rn-^K+t—i 

/ k + £ \ 

+ ce^rn+k+e Yl (^{ \-l) -r]Fs{F-^)r^m.^k^e~s- (2.35) 



sez+ " ""T- 



Take r = m, + k + £ in (2.35), then the first summand in the right-hand side is 0. As for the last 
summand, if s ^ 0, then r — m, — k — £ — s < and so (-F~^)r-m-fe-f-s = (the definition of (2.31) 
shows A^ = if r < 0). Thus (2.35) gives 

— y\F~^)m+k+i = -ci^m+k+iim + k + £)Fq{F~'^)q = -{m + k + £)ce^ra+k+e- (2.36) 

mi + k 

Since m. + k + £>Ohj our assumption (cf. (2.35)), (2.36) together with definition (2.31) shows 
we have (2.28). To prove (2.30), assume £ > 0. We take k = — rre, r = £ in (2.32) (but we do not 
substitute (2.33) into the left-hand side of (2.32)), then the left-hand side of (2.32) becomes (using 
the fact EsGZ+ -^s(-^"^)£-s = {F^~'^)i = by the second equation of (2.20)) 



/ E s-Fs{F-^)e-s. (2.37) 

Thus the left-hand side of (2.36) should be (2.37). Hence we have (2.30). D 

3 Jacobi pairs and Jacobian elements 

In this section, we discuss properties of Jacobi pairs and Jacobian elements in details. The main 
results of this section are Theorems 3.6, 3.25 and 3.30. 
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3.1 General discussions on Jacobi pairs in B 

Definition 3.1 (1) Define the Lie bracket [•, •] on B by the Jacobian determinant 

[F,G] = J{F,G) = {d^F){dyG)-{dyF){d^G) ior F,G G C[x,y]. (3.1) 

It is well-known (e.g., [19, 27]) that the triple {B, [•,•], •) (where • is the usual product in B) 
is a Poisson algebra, namely (;S, [•,•]) is a Lie algebra, (B,-) is a commutative associative 
algebra, and the following compatible Leibniz rule holds: 

[F, GH] = [F, G]H + G[F, H] for F,G,H e B. (3.2) 

(2) A pair (F, G) is called a quasi- Jacobi pair (or simply a Jacobi pair), if the following conditions 
are satisfied: 
(i) F,G eB are of the form (2.21) such that [F, G] € C\{0}, 
(ii) F has prime degree p ^ ±00, 
(iii) p{G) < p. 

Remark 3.2 (1) We always denote (until (3.79)) 

m := degyF, mo := deg^./o, n := deg^G, no := deg^go, (3.3) 

and use notations bi,bi in (2.22)-(2.26). We always assume m > 1 and rriQ > (but not 
necessarily mo € Z). Note that we always have ttiq ^ m (by Lemma 3.6 since (—-7^, —1) G 

Supp F~^). Also note that n can be negative, but the nonzero Jacobian determinant requires 
that m + n > 1 (cf. Lemma 3.8). 

(2) If F, G € C[x, y] with [F, G] G C\{0}, then (F, G) is called a (usual) Jacobi pair. In this case 
if necessary by exchanging F and G, we can always suppose p{G) < p (in fact p{G) = p if 
TTi + n > 2 by Lemma 3.14). Thus a usual Jacobi pair is necessarily a quasi- Jacobi pair. 

(3) We always suppose fo,go are monic (i.e., the coefficients of the highest powers of x in /o,go 
are 1). If /o € Cfx] and /o 7^ 1, let x = a be a root of /q. By applying the automorphism 
{x,y) I— 7> {x-\-a,y), we can suppose /o does not contain the constant term. In this case, we 
also let /i€C[x] be the unique monic polynomial such that /o = /i™" with ?n,Q € N maximal, 

io-- 

""0 

h^h'l for any hi G C[x], k > I. (3.4) 



and set do = ^. Then 



If /o = l, we set h = x, do = l, mQ = mo = 0. If /o ^C[x], we simply set /i = /o, do = mo, mQ = l. 
(4) We always fix notations h, itiq, do- 
Example 3.3 For any ttiq, m G N, a, 6 € C with itlq > m and a,b ^ 0, the pairs 

(F, G) = {x"'Oy^ + ax™o-^y™-\ (x™Oy™ + ax""o-^2/"'-^)2 + bx^-"'°y^-"'), 
{Fi,Gi) = {x\y^ + x-i)3, x-2(2/2 + x'^r^). 



are Jacobi pairs with p{F) = — 1 (but if mo < m,, then p(G) = — \^_'^ > —1), and p(-F] 



1— mo 1— m 



p(Gi) = — 2 ■ Note that p{G) can be smaller than p{F); for instance, if we replace G by x^ '"'^y 
then p{G) = —00 < p{F) (but in this case deg„F -|- deg„G = 1). 
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Definition 3.4 (1) We introduce a notion, referred to as the trace, of an element F € S to be 
(cf. (5.27) and (5.28) for the reason why we cah it "trace") 

tr F = Res^.ReSy F = Cocff(i^, {xy)'^) for F e B. (3.5) 

If tr F = 0, we say F has the vanishing trace property. 
(2) An element F G B is called a Jacobian element if there is G G B such that [F, G] G C\{0}. 

Remark 3.5 Note that it is important to consider the residue of an element in a specific space, 
otherwise the residue may be different; for instance, if we regard the element H = , — t^ as in 

C{x^^]{{y)) then H = — X^^_i(— xy)* and its residue (with respect to x) is y~^ , but if we consider 

it as in the space C[x^^]{{y~^)) then H = X]^2(~^y)~* ^^^ ^^^ residue is zero. 

The following Theorem 3.6(2) characterizes Jacobian elements. 
Theorem 3.6 (1) Assume {F,G) is a Jacobi pair in A[y]. Suppose 

Res^iFd^G) := Coos{Fd^G, x~^) = 0. (3.6) 

Let X = u{t),y = v{t) G C{{t~'^)), then Rest(F^) = JRest(n^). 

(2) An element F ^ B is a Jacobian element if and only if F ^ C and {F — c)" has the vanishing 
trace property for all a ^ Q and c € C (note that (F — c)"" might not be in B but in C). 

(3) Let F £ B be a Jacobian element, and H £ B. There exists some K £ B such that H = [K, F] 
if and only if HF"" has the vanishing trace property for all a £ Q. 

(4) Let {F,G) be a Jacobi pair in B with [F, G] = 1. One has 

tr{[H, F]G) =trH for any H e B. (3.7) 

Proof (1) Assume F = YlieQj&+ fij^'V^ and G = YlkeQ,eGZ+ dkix'^y^. Then [F,G] = J and (3.6) 
imply 

J2 {i^- jk)fijgki = Sa,i5b,iJ, Y, kfijgki = 0, Va,6eC. (3.8) 

i+k=a,j+£=b i+k=0,j+e=b 

Denoting 5j = ^ , and considering 4 cases (noting that j = i = if j + i = 0): {i) i + k = = j + i; 
(ii) i + k = 0^ j + i; (in) i + k ^ = j + £; and (iv) i + k^0^j + i,we obtain from (3.8) , 



RestiFdtG) =Rest( E fijgkiiku'+''-^v^+'dtu + iu'+^v^^'-^dtv) 



= JResx{vdtu). 

One can also give the following simple proof as suggested by Dr. Victor Zurkowski: (3.6) means 
Fd^G = d^U for some U € A[y]. Then dyd^U = -J + d^iFdyG), so dyU + Jx - FdyG is 
a polynomial in y, denoted by g, and we can write FdyG — dyU = Jx + dyg. Thus FdtG = 
FdxGdtu + FdyGdtv = dt{U + g) + Judtv. Taking the residue with respect to t, the term from 
the exact derivative drops and one gets the result. 

(2) " =^ " : First note that by computing the coefficient of x~^y~^ in the Jacobian determinant 
[H, K] , one immediately sees 

ii{[H, K]) = for any H,K eC. (3.9) 
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Suppose F,G £B such that [F, G] = 1. Then {F-c)" = [^^^, {F-cf-'^G] (assume a / 0), we 
obtain the necessity by (3.9). 

"-^^": First assume degyF ^ 0. Replacing F by F~^ if necessary, we can suppose m := 
degyF S N. Express y as in (2.25), then in fact 6j is ci^j in (2.27). Thus (2.29) and the sufficiency 
condition show that x~^ does not appear in 6j for ah i ^ 1. Therefore there exist bi G A such that 
d^bi = -^bi for alH > (cf. (3.11)). Set G = Ei^o^'^^^^- Then the proof of Lemma 3.8 
shows [F,G] = 1. 

Now assume deg^F = 0. Let fi := Cocflf(-F, y*) for z < 0. By replacing F by F — c for some 
c € C if necessary, we can suppose fo ^ does not contain the constant term. We can write 
/_i = Pdxfo + h for some /3 G C and h ^ A such that either /i = or else i := degj./o — I ^ j := 
deg^h. If /i 7^ 0, by taking a := j^ 7^ (i + 1 = deg^fo 7^ since Cocff(/o) 2;°) = 0), we have 

F« = (/o + /_iy-i + ---)" = /o"(l + «/o"'(/55./o + %-^ + ---)=/o+(/55.(/o") + a/o~'%~' + ---, 
and (—1, —1) G SuppF'* by noting that dxifo) does not contain the term x~^ but deg^f^'^h = —1, 
a contradiction. Thus h = 0. Now one can uniquely determine gi = {dxfo)~^ and g-i for i > 1 
inductively such that G = giy + Yll^i9-iy~^ satisfying [F, G] = 1, by comparing the coefficients 
of y"* for i > 0. 

(3) Suppose H = [K,F]. Then by (3.7), we see HF"^ = [KF"',F] has the vanishing trace 
property for all a G Q. Conversely suppose HF"^ has the vanishing trace property for all a G Q. 
Let G be as constructed in the proof of (1) such that [F, G] = 1 and m + n = 1, rriQ + no = 1 
(cf. notation (3.3)). Using (2.25) and the fact that FG has the highest term xy, we see that any 

element x'^y^ with i,j^Q can be written as F G + Fi, where k,£ € Q satisfy kruQ + iriQ = i, 
km + £n = j, and some Fi G C with deg^Fi < j. Thus by induction on degyH, we see that H 

can be expressed as H = J2i j^n^^ij^^G^ fo^ some Qj G C. Note that tT{F^G^) = if and only if 

{k,i) 7^ (—1, — !)■ Thus G~^ cannot appear in the expression of H, otherwise HF''^^^ would have 

nonzero trace if Cj _i 7^ 0. Taking K = Z^^j-gQ 4^F*G-'+-^, we obtain H = [K,F]. 

(4) one has 

tr([i7, F]G) = tiidxHdyFG - dyHd^FG) 

= tT(- H{dxdyFG + dyFdxG) + H{dydxFG + d^FdyG)) = iiH. 

This completes the proof of the theorem. D 

As a by-product of the above theorem, one can easily obtain 

Corollary 3.7 (1) // (F, G) is a Jacobi pair in C[x,y] such that SuppF has a vertex {mo,m) 
with mo,m > {cf. (3.64)), then F,G are not generators ofC[x,y] (thus in particular, the 
proof of the two-dimensional Jacobian conjecture is equivalent to proving that a Jacobi pair 
{F,G) in C[x,y] with SuppF having a vertex {mQ,m) with mo,m > does not exists). 

(2) Any a in (3.84) regarded as an automorphism o/C[x Jv]((y~iv)) does not change the van- 
ishing trace property. 

Proof. (1) Say [F, G] = 1 and assume F,G are generators of C[x,y]. Then H = x'^°~^y"^~^ = 
T.Lj&+aijF^G^ for some a,j G C, and so H = [K,F] for K = E»jgz+ f^^F^0+^. However, 
tv{HF^^) 7^ 0, a contradiction with Theorem 3.6(3). 

(2) An automorphism a of the form (3.84) is a product of automorphisms of forms o"i : (x, y) i-t- 

{x,y-\-Xx 1) and (T2 : {x,y) 1-^ (x i-p , x i-p y) for some A G C and p,q £ Z with p < q. Thus we can 



14 Y. Su: Dixmier Conjecture (arXiv:1107.1115, Prepared July 6, 2011, Revisited December 25, 2011) 

suppose o" = o"! or (T2. In the first case, a is simply the exponential operator e '' for h = ^^x « 
(cf. (4.3)), which does not change the vanishing trace property by (3.9). As for the later case, one 

qi — pj 

can check directly that cr2{x^y^) = x i-p yJ ^ [xy) if (i, j) 7^ (—1, —1)- D 

Now let {F,G) be a Jacobi pair in B and we use notations in (2.22)-(2.26). From (2.25), we 
obtain 

^fT^ = E—-b^F^-'- (3.10) 

Lemma 3.8 We have m + n > 1, and 6j€C if i<n + m — l. Furthermore, 

dxh+m+n-i = bi if i>0. (3.11) 

m 



In particular, 



dxbm+n~i = ^0 = h~^ {by {2.26)). (3.12) 

m m 



Proof. By (2.22), 3^0 = A + Bd^F, dyG = BdyF, where 

A=Y.{d.h)F^, B=Y.^^hF^-\ 

i=Q i=0 "^ 

We obtain 

00 ^_- J 

J = -AdyF, i.e., Ei^xb^)F— = -—-. (3.13) 

The lemma follows from (3.10) by comparing the coefficients of F~^ in (3.13) for i £ Z_|_. D 

Remark 3.9 From Lemma 3.8, we see that in case F,G £ C[x, y] and m = 1 then we can replace 
G by G — Y17=o biF"-~''' to reduce deg^G to zero, thus obtain F, G are generators of C[x, y] and F 
is a monic polynomial of y. Since eventually we shall consider a usual Jacobi pair, from now on 
we suppose m>2. Furthermore, we can always suppose n > m and m/(n. 

Using (2.26), we obtain deg^bo = -^ / -1 (by Theorem 3.6 since (-^, -1) ^ SuppF'^), 
and for i > 0, 

deg^6, < "-^ '- + max {deg^bj + ^(1 - j) + {t - j)p} 

m 0<j<i m 

< ai, where ai := iip -\ ) , (3-14) 

m ' m 

where, the last inequality follows from induction on i. Thus 

1 + ctq < deg^-ftm+n-i < max{0, 1 + do}, deg^-fe^+n-i+i < max{0, 1 + ctj} for i > 1. (3.15) 

We denote 

r]i = deg^6m+„_i+i for i > 0. (3.16) 

We shall use (2.13) and (2.22) to compute Gr^i. Thus we set Fi = biF~^ . Then p{Fi) < p by 
Lemma 2.4(1) and (2). Assume m + n > 2. Then 60 € C, and we have the data {fhio^rhi) in 
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Lemma 2.5(1) being rhi = n — i, and 



m.o="^°^"-^^fz<m + n-l, and 
m 

mo(l-m-i) -r ■ ^ n 

m 



Then (2.13) gives 



""[r] Z^\^i>[r+moo—mi(,+p(mo-rhi)] 

m+n—2 oo 

= E (^i)[r+(p+^)i] + E(^m+n-i+i)K.]> where (3.17) 

ar,i := r + (p H )(m + n - 1) H h CTj - 77J. (3.18) 

m m 

Lemma 3.10 Assume m + n>2. If p < —^, then bi = for l<i<m + n — 1. 

Proof Suppose there exists the smallest io with 1 < Iq < m + n — 1 such that bi^ ^ (i.e., F^^ ^ 0). 
Then setting r = —{p+ ^)io > in (3.17) gives a contradiction (cf. statements after (2.10)): 

= G[,]=6,,(f'^)[o] + ---/0, (3.19) 

where the last inequality follows from the fact that y^~^° appears in (F m ) jqi but not in any 
omitted terms. D 

We denote 

b'. = Cocs{bi,x°) (which is h if i<m + n-l). (3.20) 

We always suppose that our Jacobi pair {F,G) satisfies the condition (by Lemma 3.14, this con- 
dition will be automatically satisfied by Jacobi pairs in C[j;,y]) 

p^ • (3.21) 

m 

We always denote fi to be (until the end of this section) 

^ = "^ + ^-il^^^- (3.22) 

Lemma 3.11 Assume m + n > 2 and p < —^- Then 6^ = for all i > 1 (thus in particular 
rji = 1 + degj)i < 1 + CTj for all i > 0). 

Proof. Suppose b[ 7^ for smallest iq > 1. Then iQ > m -\- n — 1 hy Lemma 3.10. Setting 
7- — _^!M -\- p'jiQ > in (3.17) gives a contradiction as in (3.19). D 

Lemma 3.12 Assume m+n>2. Then p>-^ + ^^^:^ = -^^^^^^, where no ■.= deg,9o. 
Proof. First by letting i = in (2.23), we have no = deg^jf^o = ^^n, from which we have 



mo 1 m—mo 

m m(m+n—l) 


mo+no—1 


m+n—l 
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Assume conversely p < -^ + ^i^~^°_i) ■ Then 

lip + —){m + n-l) + — +ao-Vo)> -(1 + ^o - %) = -1 + — + % = 0, 
\ m m / m 



r :- 



where the last equality follows by noting that either rriQ > m (so in this case P < ~^~\~ m(m+n-i) ^ 
— ^ and 6^^„_^ = by Lemma 3.11, thus r^o = 1 — -^ by (3.12)), or else niQ < m (in this case 
770 = 1 — ^^ again by (3.12)). By Lemma 3.10, we have either p+^^>0or6i = for 
0<i<m + n — 1. Thus (3.17) gives a contradiction: 

= G[r] = F[r] + (Fm,+„_i)[„^g]H = (Fm+n-i)[o]H / 0. D 

Note from Lemma 3.12 that (^^ + p){m + n) — [1 + p) > 0. Thus we obtain 



< \i p < 

^^ +» m 



^ = m + n- ^ ,^^ <0 ifp<-^. (3.23) 



Remark 3.13 (1) It is very important to assume m + n > 2 (otherwise 60 ^ C) and assume 
p{G) < p (otherwise Gr^i can be nonzero for r > 0). 

(2) Note that ii p is sufficiently small, one cannot replace G hy G := F -\- G for £ > without 
changing p{G); for instance, if p < —^ then p{G) = —^ > p. 

Lemma 3.14 If F,G G C[x, y] with m + n > 2, then p > — ^^^ and p{G) = p {thus the positions 
of F and G are symmetric) . 

Proof. If iriQ < m the result follows from Lemma 3.12. Thus suppose tuq > m. Note that in order 
for [F, G] G C\{0}, X must appear as a term in F or G. If F contain the term x, then deg^fm > 1 
and 

deg^/m - deg^/o mo 1 mo 

p > > 1 > . 

m m m m 

If G contains the term x, then 

^ ^Q-. ^ deg.^gn - deg^.ffo ^ 1 - ^o ^ 1 _ ^ ^ "^0 
~ ~ n ~n n m m' 

where no = deg^jC/o = ^"- Thus p > -^. Now letting r = in (3.17) shows G[o] = {F^)^ 
which is not a monomial by (2.17). Thus p{G) = p by Lemma 2.4(3). D 

Lemma 3.15 Suppose F,G ^ C[x]{y) with m + n > 2. If bi ^ and i < m + n — 1, then 
m|mo(n — z). In particular, m|mon andm\mQi. 



Proof. The lemma is trivial if ttiq = 0. Suppose io < m. + n — 1 is minimal such that 6jg 7^ 

and ?Ti/fmo(n — io). Multiplying (2.24) by h ^ , we see that h ^ is a rational function of 
X, which contradicts Lemma 2.8 and (3.4). Thus m|mo(n — ^o)- Since 60 7^ by (2.24), we have 
m\m'Qn. D 

Lemma 3.16 Suppose F,G a C[x]{y) andQ<mQ<m ormj(mo. Then h = x, i.e., do = 1, mQ = mQ. 
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Proof. From (2.24) and Lemma 3.15, we see bm+n-i has the form bm+n-i = hr~^~'^g for some 
a G Z and y^ g € C[x] (since bm+n-i 7^ by (3.12)) such that hj(g. Since deg2.6o = ~^i we 
have deg^bm+n-i = 1 - ^ or 0. If deg^bm+n-i = 1 - ^, then 

dg := deg.-,g = deg^bm+n-i + {—^ + ajdeg^h = 1 + ado (by (3.12)). (3.24) 

If degJ)m.Jrn-i = and mo 7^ fn (which can happen only when m < mo and dg = ^ + ado), then 
m\mo, a contradiction with our assumption in the lemma. 

Thus we have (3.24), which implies either a > or a = —1, do = 1. In the latter case, we have 
h = X (since h is monic without the constant term). Thus suppose a > 0. Now (3.12) shows 

rriQ J rrin _ J / 

ah'""' gdxh + h~"'dxg = h~^ dybm+n-i = h~~^bo = , where a = — — 7 — a. (3.25) 

mm "' 

Factorize /i, g as products of irreducible polynomials of x: 

h = h\'---hi[, g = goh{' ■ ■ ■ hi^g>;+^ ■ ■ ■ gi^ , (3.26) 

for some £, s,ii, ...,i^, ji, ..., js G N and < r < min{s,^}, j^ go £ C, where 

gi-=hi, ..., gr-=hr, hr+i, ..., he, gr+i, ..., gs <£ Clx], 

are different irreducible monic polynomials of x (thus, of degree 1). Multiplying (3.25) by h"'~^^, 
using (3.26), and canceling the common factor 

noting that dxhj^ = dxgn = 1 for all r/, we obtain 

- (mo + am)gr+i ■ ■ ■ gsl_, «r, — r ^ m/i^+i ■■■he}_^ jx l^r+i ■ ■ ■ di 

^ ri=l 'l"n A=l 9\ ' 

= -Jh\'''+^-^' ■ ■ ■ h^;''"+^-^^h';+l''+^ ■ ■ ■ h^;''+\ (3.27) 

If £ > r, then h^ divides all terms except one term corresponding to rj = i in (3.27), a contradiction. 
Thus £ = r. Since gr+i,---,gs do not appear in the right-hand side of (3.27), we must have 
jV+i = ••• = is = 1) and since the left-hand side is a polynomial, we have 

ifca + l-jfc>0 for k = l,...,L (3.28) 

If ika + 1 — jfc > for some k, then hk divides all terms except two terms corresponding to i] = k 
and A = fc in (3.27), and the sum of these two terms is a term (not divided by hf.) with coefficient 
— (m-Q -|- am?)ik + mjk- This proves 

ikO -|- 1 — jfc = or — (m-o -|- a7n)ik + mjk = for k = 1, ..., i. (3.29) 

If a > 1, then either case of (3.29) shows i^ < jk, and thus, h\g, a contradiction with our choice of 
g. Hence a = 0. 

Now (3.24) shows dg = 1. Write g = gox + gi for some gi G C. Then (3.25) gives 

fdh m,J . f dx , , , .^P-i9o+i) , 

-- = —-( ^go) / , thus h = c(gox + gi)'^o3o ^' for some c / 0. 

J h m'Q^m J gox + gi 

Since h G C[x], we must have /3 := T {go + m) ^ ^' then (3.4) shows /? = 1 (and so mij^miQ 
since J 7^0), and h = x (since h is monic without the constant term). El 
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Remark 3.17 If F, G G C[x,y] and p < 0, then by (2.7) (cf. (2.8)), we have deg^F = mo > 0, 
and by exchanging x and y if necessary, we can sometimes suppose tuq > m and p < (i.e., 
Coeff(-^j2;'") = y^° by Lemma 3.16) or sometimes suppose rriQ < m and p < 0. 

3.2 Jacobi pairs in 'C{{x~^))[y\ 

Prom now on we shall suppose F,G£ C{{x~^))[y] with m,m + n > 2. Then each component Fr^i 
is in C[x^-'^,y]. Let F be the primary polynomial as in Definition 2.3(2)(ii) and /x be as in (3.22). 

Lemma 3.18 If fi < {so p < -^ by (3.22)) then d\n {recall notation d in (2.12)), andp{G) = p 
{thus the positions of F and G are symmetric in this case). 

Proof. Note that if the equality holds in Lemma 3.12 then one can obtain /U = 0, thus inequality 
holds in Lemma 3.12. Setting r = in (3.17) gives (cf. (2.17)) 



TTin"- 



0"- n 



G^ = {F-^\o] = x~ Fii , (3.30) 

by noting the following facts: 

(i) bi=0 for 1 <i<m+n — l by Lemma 3.10; 

(ii) H[a] =0 for H eC{{x-'^))[y] and all a>0; 

(iii) hy{3.l8),ao,i = {p+^){m + n-l) + ^+a^-r]i>^^i^ + ^ + ai-7], = l + a,-r]i>0 
for i > 0, where the part " > " is obtained by Lemma 3.12, and the part " > " is by Lemma 
3.11. 

Since GrQi is a polynomial on y, we have d\n by (2.11), (3.30) and Lemma 2.8. By Lemma 2.4(3), 
p{G) =p. D 

Lemma 3.19 If < i < fJ, and b[ ^ 0, then d\{n — i). 

Proof. By Lemma 3.11, we can suppose p > — ^!^. Assume iq € Z_|_ is smallest such that zq < A* 
with 6^^ 7^ and d^{n — i^). We shall use (3.17) to compute Gj^j for r = — (p + 2Hi)jq, 

First suppose i^ > m + n — 1. Then fj, > m + n — 1. Thus we must have tuq > m hy (3.22). 
Set i'fj = io — {m + n — 1). Then using iQ<fi = m + n— m^^ , we obtain 

i0<l- ma = 1^ ' SO 1+i^— +p ^<0, 

1^+P 1^+P ^ ^ 

i.e., l + CTj' < (cf. (3.14)). Thus by (3.15), we have rj^i < 0. Since 6' ^_-^ ,^/ ^ (recall notation 
b'- in (3.20)), we have rj^i = 0. Note from (3.14) that when i ^ 0, we have 1 + cjj > 0. Thus by 
(3.15), rji < ai + 1, and so by (3.18), 

"r,i = {p-\ ){m + n - 1 - zo) H \- (^i - m 

m m 

= (P H )("^ + n - 1 - zo) H ^ ^-j/ - % + CTj - r/, - {ai^ - rji^ 

m m " " 

= o-i-r]i- {ai'^ - rji,^) > -1 - (7^/^ > if i » 0. 
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Say the above holds when i > ii. Then (3.17) gives (using (-Fj)[j,] = for ah s > 0) 

m+n-2 ^^_^ n-ip 

^[-iP+^)io]= S HP "^ )[{i-io){p+^)]+bl{F "^ )[0]+ E (^m+n-l+i)K,,]- (3.31) 

i=0 0<i<ii 

Let o > be any rational number. Similar to (3.31), we also have 

m+n~2 

n — i , 



^h(p+^)io+a] = E bi{F " )[(»-io)(p+!=a)+a] + E 6™+„_i+»(i^ '" )[o] 

i=0 0<i<ii,ai=—a 

+ E (-^m+n-l+j)K,,+a]- (3.32) 

Note that Gr ( ^_i:hiv .^i is a polynomial on y. Set 

A := max{— (i — io){p -\ ), — Orj | < i < m + n — 2, < j < ii, ar,j < 0}. 

If we first take a = A in (3.32), then the last summand vanishes and the first summand is summed 
over those z's such that (i — zo)(p + ^^) + o = 0, so we can use Lemma 2.8 to obtain that all nonzero 
terms in (3.32) are rational. Now by taking a < A (and a > 0) in (3.32) and by induction on A — a 
(note that there are only finitely many a's with < a < A such that there exist nonzero terms 
in (3.32)), we can see that all nonzero terms in (3.32) (thus in (3.31)) are rational. In particular, 

n — iQ ttlq (n — iq) n — in 

F d = x~ m {F m )ro] (cf. (2.17)) is rational, a contradiction with (2.11). 

Now suppose 0<iQ<m + n — 1. As above, noting from (3.14) that when i S> 0, we have 
1 + cTj > and en — rn > —1 by (3.15). Thus 

cirA =r + ip^ )(m + n - 1) H h ctj - i]i > (p H )(m + n - 1 - io) H 1 > 0, 

m m m m 

where the part ">" is obtained by using io < /U = ?n + n — mp ^ . As in (3.31), say the above 
inequality holds for i > ii. Then (3.17) shows (in this case b': = big by (3.20)) 

G[_(p+I^)ip] = E bi(i^~)[(i-io)(p+!^)]+&io(^ " )[0]+ E (^m+n-l+i)K,,]- 

0<i<Jo 0<i<n,a,.,i<0 

Thus as in (3.31), we obtain a contradiction. D 

We always set 

~ _ f 5/, if // G Z+ and /i < m + n - 1, 
I otherwise. 

Let (cf. notation cjj in (3.15)) 

_ OO _ ■ 

Ro:=b^{F'^)[o]+ E Cocff(6i,xi+'^-(-+"-i))xi+'^'-(-+"-i)(F'i?)[0] 

i=m.+n~l 

= b^x^'^'^^F^ --f:-l^bi,ox'-^°+'PF^^^, where bi,o = Coea{bi,x''') (3.34) 
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where the last equahty follows from (2.17) and Lemma 3.8 (if l + Cj = 0, i.e., i = /i— (m+n— 1) > 0, 
then bfj, = hy (3.33), in this case we use the convention that rr?^^i,o is regarded as the limit 

limj_^^_(„j^„„i) — fn(i7^\) bifl which is defined to be 6^, cf. (3.20)). We claim that 

1 +p 
Rq / 0, and degyRo = jp^ m, or 1 — m. (3.35) 

This is because: if 6^ 7^ (then /x G Z+) then CocsiRoiU^''^) = ^^ / 0; if 6^ = then 
Coes{Ro,y'-n = TT^^oxi"™° / (60,0 = Cocff(/o,a:™°) = 1 by (2.26)). 

Lemma 3.20 We have 

Ro = G[_^(p+z^)] - <56o(F^)[_^(p+^)j - J2 KiF'^)li^-f,)(p+^)] = F^^-^^'P, (3.36) 

for some a £ X, P (^ C[x^'^][y], such that F)(P, where 5 = 1 if ^ < or otherwise. 

Proof. The last equality follows from Lemmas 2.5(5), 3.15 and 3.19. To prove the first equality of 
(3.36), set r = -^(^ + p) in (3.17), we obtain 



m+n-2 „^^ 



^[-M^+rt] = ^ &i(i^^^)[(j_^)(p+I^)] + E(^m+n-l+i)[l+a,-r,,]- (3-37) 

First assume p > —^. Compare the i-th term of (3.37) with corresponding terms of (3.34) and 
(3.36): 

(1) If 1 + (Tj > (so m + n — \ + i > fi and (3.36) does not have such a term), then either 

(i) rji = 1 + af. the i-th term of (3.37) corresponds to the i-th term of (3.34), or 
(ii) rji < 1 + ac. the i-th terms of (3.37) and (3.34) are both zero. 

(2) If 1 + o"i < (so m + n — 1 + i </i and (3.34) does not have such a term), then either 

(i) r]i = 0: the z-th term of (3.37) corresponds to the i-th term of (3.36), or 
(ii) r]i < 0: the i-th terms of (3.37) and (3.36) are both zero. 

This proves the lemma in this case. Assume p < —^^^. Then by Lemmas 3.11 and 3.18, the 
summand in (3.36) is empty and the first summand in (3.37) has only one term corresponding to 
j = 0. We again have the lemma. D 

By (3.35) and (3.36), 

1 + p 
dp := degj^P = da + -j^- (in case 6^ 7^ 0) or da + I (in case 6^j = 0). (3.38) 



m 



Computing the zero-th component of (2.25), using (2.17), similar as in (3.17), we obtain 



i=0 i=0 i=0 



d 



Taking dy gives 



°° ^ — i - i-i -, 

1 = E —^k,ox'PF—-'dyF. (3.39) 

i=0 " 
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Lemma 3.21 (F[o],i?o) = {x'^o pn' , F~''~'^' P) is a Jacobi pair. 

Proof. First note that Ro is a p-type q.h.e., thus p{Ro) = p (or — cx) if it is a monomial). By 
(3.36), Ro G C(x,y) has the form (2.21). Prom (3.34) and (3.39), we see [F[o],^o] = J & C\{0} 

(cf. proof of Lemma 3.8), which can be also proved as follows: Denote Gi = '^^Qb'-F~^ and 
H = G — Gi. Then [F,H] = J. Note that [-F[o],-ff[o]] has the highest term 1 (up to a scalar) 
since F has the highest term x^"y"^ and H has the highest term a;^""*''?/"'^^'". Thus [FtQ], -f^[ol] is ^ 
p-type q.h.e. whose support lies in a line passing the point (0, 0). Comparing the 0-th components 
in [F,H] = J, we obtain [FrQi, -fffoi] = J- Since i^rgi and Rq only differ by some C-combinations of 
rational powers of F, we have [-F[o])-Ro] = [-^[o])-f^[o]] = J- ^ 

Multiplying (3.34) by F~d~ ^ taking dy and using (3.36), (3.22) and (3.39), we have (cf. the 
remark after (3.44)) 

(-a-m' + l^)F~''~^'+^-^PdyF + F~''-^'+^dyP 



M-n . J ~ 1-i ' + "' 



dy{RoF — ) = x:^— ^.,ox^-"^«+^P5,(F ^^1'+^)) 



i+P 



J2—--\ox'''F^-^dyF-F^^^^W)=^i^ F ^(^^^. (3.40) 



mp + niQ j=o d ' mp + rriQ 

3 p = ^ for £ 
q.h.e., has the form 



We write p = ^ for some coprime integers p', q such that q > 0. Note that F being a monic p-type 



F = / + X] Cix'Py<^-' G C[x±i][y] for some c-i G C. (3.41) 

Noting that x'^^F'^ = i^rgi 7^ x"^°y'^ since p ^ —00, we have Ci ^ for some i. Hence at least 
one of ;j, 2p, ...,dp is an integer. Thus 

l<q<d. (3.42) 

i+p 
Multiplying (3.40) by i^'*(p+ m ) ^ we obtain the following differential equation on F and P, 

aiF-^'-^PdyF + a2F-''dyP = as, or aiP^j/F + aa-F^j^i^ = a3i^''^\ (3.43) 

where 

ai = —aa2 — m'{p' + q), a^ = p'm + rriQq, 03 = qJx ""^o. (3.44) 

We remark that the only purpose of (3.40) is to prove (3.43), which can be also directly proved by 
the following formal arguments: Noting that F, P are p-type q.h.e., so xdxF, xdxP are combina- 
tions of F, ydyF and P, ydyP, using this in [x"'oF"'' , F -"-""' P] = J, one can easily deduce (3.43) 
for some ai, a2 gC and some O^^as GC[a;^-^]. Note that the first term of Rq in (3.34) does not con- 
tribute to (3.43), and whether or not P is a polynomial on y does not affect (3.43) either, thus for 
the purpose of proving (3.43) with Oi satisfying (3.44), if necessary by changing the coefficient b^, 
we may suppose that the y-degree of P is deg,,P = adA- m^^ = a(i-|- if 5^J" . Then by comparing the 

coefficients of the highest degree of y in (3.43), we immediately obtain a\d^a2 (ad-l- ^ „lJ^m ) ~ *-*• 
Thus up to a scalar, we can suppose ai, a2 have the forms as in (3.44) (what is 03 is not important 
since later on we only need the fact that 037^0). 
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Lemma 3.22 (1) For every irreducible factor Q G C[x^^][y] of F or P, we have degyQ = 1 or 
q\deg Q. If Q is monic and q)(deg Q, then Q = y. 

(2) If d = q > 1, then F is irreducible and F = y'^ + x^ {up to rescaling x). 

Proof. (1) Note that Rq is a p-type q.h.e., and i^ is a p-type q.h.e. (cf. the right-hand side of 
(3.41)). By Lemma 2.5(4), P = RqF°'~^^ must be a p-type q.h.e. By Lemma 2.5(4) again, every 
irreducible factor Q of -F or P must be q.h.e. of the form '^]^QUixP^y^~'^, where 7 = deg^Q and 

Ui £ C If 9/7, then pj = ^^ cannot be an integer, thus u^ = 0, and Q contains the factor y. 

(2) It follows from (1) and (2.11) (cf. (3.41)). D 

3.3 Some examples of Jacobi pairs with p < 

Example 3.23 Below we obtain some Jacobi pairs starting from a simple one by adding some 
powers of F (or G) to G (or F). 

(1) (xy^, y~^) -^ {xy'^,xy'^ + y~^) — > (x^y^ + xy'^ + 2xy + y~^, xy'^ + y~^) := (F, G). In this case, 
p = — |, mo = 2, m = 4, F[o] = [xy"^ + y~^)^ and n = 2. 

(2) (x2y, x^) -^ (x2y, xy'^ -|- X2 ) — )■ (x^y^ -|- 2x2y^ + x + x^y, xy"^ + X2) := (F, G). In this case, 
p = —\, ruQ = 2, m = 4, F[o] = [xy"^ + xs)^ and n = 2. 

In Example 3.23, we have m\n oi n\m. If this holds in general, then the two-dimensional 
Jacobian conjecture can be proved by induction on m. However, the following example shows that 
this may not be the case. 



Example 3.24 (1) F = xy'^ + 2xay = FrQi, p = -|, tuq = 1, m = 2, and G = x^y'^ + Sxay"^ + 



|x4y — ^x» = Rq, n = 3. 

T— _1 m„ — 9 ^ — in QTi^ /^ — ^3,,15 _i_ q^2,,9 _L _^ 



(2) F = x^yio -K 2x?/^ = Froi , p = -i mo = 2, m= 10, and G = x^y^^ + 3x^y^ + ^xy^ - ^"'"^ 



Rq, n = 15. 

For the above examples, we observe that if ttiq < rn then either F, G must contain some negative 
power of y or contain some non-integral power of x. 

In case F,G£ C[x, y], by Remark 3.17, we can suppose ttiq < m if p < 0. To better understand 
Jacobi pairs, we first suppose tuq > m and obtain the following two lemmas. We rewrite F, G as 
(where /oo = 1) 

m 

F=Efiy'^-'= E ^x-o-y— i, (3.45) 

«=0 (mo—i,m—j)£SuppF 

G = Gi+R, Gi= Z b^F"^, R= Z b'^P"^, (3.46) 

0<i</x niin{m+n—l,fi)<j<oo 

where b'- is defined in (3.20), and b" = bj — 6' if j < /i and 6" = bj if j > fi (recall notation ^ in 
(3.22)). Then [F,G] = [F,R\. 

Theorem 3.25 (1) Suppose F,G is a Jacobi pair in C[x, y]. Then p ^ —1. 
(2) Suppose F,G £ C[x ,y] with tuq > m and p < 0. Then p < —1. Furthermore, if p = —1 
then KeSx{FdxG) ^ and Ffqi = x"^°{y — f3x~^)"^ for some /? E C\{0}. Thus by replacing 
y by y + (3x~^ for some /3 £ C if necessary, we can suppose p < —1. 
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Proof. (1) If rriQ < m, then p > — 2io y _i ]-,y Lemma 3.12. Thus assume ttiq > m > 0. Suppose 
p = —1. Then fi = m + n and 6^ = (cf. (3.33)). So (3.35) shows degyRo = 1 — m, and (3.34) in 
fact shows Rq = RiQ]. Thus we can write 

oo 
i? = £ ny^-^-^ = Yl rijX^-"'o-'y^-"'-^ , n G C{{x-^)), Uj G C. (3.47) 

i=0 (1— mo— 4,1— m— j)GSupp_R 

By Lemma 2.10 and (3.46), we see F~^ does not appear in R, thus we can write 

R = TqF rn -\- ^ r^F rn for somc r[ G A. 

i=l 

1 — m 1 — m 

Since F~^^ = f^^ {y^~"^ + ^—^Iq /i?/"™" + ■■■)' comparing the coefficients of y^~™ and y~™ in 
the above equation on R, we obtain vq = ?'o/o "" ^'^'^ 

ri = ^-^^r^/o'^/o'Vi = ^^^ro/o"Vi. (3.48) 

m m 

If necessary, by replacing x by rr + /3 for some /3 G C (which does not affect p), we can suppose 
/lo = 0. Thus 

= /io = /oi, (3.49) 

where the second equahty follows from p < 0. Computing the coefficients of x~^y^ and x^y~^ in 
J = [F,ii], using (3.46), (3.47) and (3.49), we obtain rio = roi = 0. This and (3.48) give 

m = -roo/ii- (3.50) 

m 

Note that we obtain (3.50) only by (3.49) (and is independent of p). Thus by symmetry (exchanging 
X and y), we also have rn = ^If^ ^oo/ii- Therefore 



mo 



ni = Ai = 0, (3.51) 

which can be also obtained by using ^eSx{FdxG) = ReSy{FdyG) = 0. Since F^ and Rq are p-type 

q.h.e with p = —1, of the form F = YIIXq fii^'^°~^y^~^ ^'^d Rq = X^^q^**^^"'""*?^^"™"*' ^^ *^^^ 
easily deduce 

x5i:F[o] - ydyF[Q] = (mo - m)F[o], xS^iJo - ydyRQ = -(mo - m)i?o- 

Using this in J = {dxF[Qj){dyRQ) — {dyF[Q]){dxRo), we obtain xJ = (mo — ^dy{F^QjRQ). For con- 
venience, we can suppose J = ttt-o — m,. Therefore, 

F^q^Rq = xy + uq for some ao G ^. (3.52) 

Since Fjoj-Ro is a p- type q.h.e., we have ao^C. By (3.51), ao = 0. Using (3.46), we have (here and 
below, all equalities associated with integration mean that they hold up to some elements in A) 

/m+n-l j^ m+n-i r 

G{dyF)dy = J2 :h[F^^ + Q, where Q = / R{dyF)dy. 
t=0 m + n — I J 
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As in (3.34) and (3.36), this shows (5[o] = f Ro{dyF[Q])dy G A{y) by Lemma 3.19. Factorize 

-^[0] = '^oni=i(y ~ ^i)'^^ i^ -^{y): where a.j ^ A, a'^ j^ 0, Aj > and oi,...,afc are distinct. Then 
(3.51) and the fact that Fiqi is not a monomial show k > 1 and some Oj 7^ 0. Then (3.52) gives 

Q[o] = Y.Kx I = Y. Kxiy + ai\n{y - ai)Y 

j=i J y — di j=i \ / 

which cannot be a rational function on y. A contradiction. 

(2) Consider (3.43) and (3.44). If d = 1 then (3.41) shows p € Z. Thus p < -I. So suppose 
d > 2. If a < —2, then F divides the left-hand side of the first equation of (3.43), a contradiction. 
Thus a > —1. 

If a = —1, then the second case of (3.38) cannot occur since dp > and d > 2. Thus 6^ ^ 0, 
i.e., fi < m + n — 1, which implies mo < m, a contradiction with our assumption. 

Now suppose a > 0. Similar to the proof of Lemma 3.16, we factorize F,P as products of 
irreducible polynomials of y in the ring A[y]: 

F=n- ■ ■/^ p = hofi' ■ --f^h^^i ■ ■ ■ hi% (3.53) 

for some i,s,ii, ...,ii,ji, ...,js G N and < r < min{s,^}, 7^ /iq € ^, where 

hl'- = fi, ■■■, hr: = fr, /r+li •••) f i^ K+i, ■■■, hg ^ A[y], 

are different irreducible monic polynomials of y of degree 1. As in (3.27), we obtain (where 
ai,a25«3 are as in (3.44)) 

^ r]=l Jri A=l "-A ^ 

= as/r^'"'' • • • fr^'-'^fr^r^' ■ ■ ■ /r^'- (3-54) 

Similar to the arguments after (3.27), we have r = i and 

jV+i = ... = js = 1. (3.55) 

Also for all k <i, 

i^a + 1 — jk > 0, and (3.56) 

ika + 1 - jk = or aiik + a2Jk = 0. (3.57) 

First assume a = 0. Then (3.56) shows jk = 1 for all k. Thus s = dp, and (3.54) is simplified to 
^^+1 •••/i^X] (aii^ + 02)^-7 - + Oi2fi---fe Yl -^^ ^="3- (3.58) 

ri=l Jri A=£+l "-A 

If ^ = 1, then (3.53) shows that ii = d and F = /f. Write /i = y+f^^ for some / /n G >^ 
since F 7^ y'^. Comparing the coefficients of y'^"^ in both sides of (3.41) gives fi/n = cix^, we 
see Ci 7^ 0, thus p G Z (since F G C[x^^,y]), i.e., p< —1. Thus suppose l>2. Comparing the 
coefficients of the terms with highest y-degree (i.e., degree s— 1, which is >(.—! > 1) in (3.58) shows 
(using (3.44) and a = 0) 

e s 

= I] («i^r; + "2) + Yy Oi2 = aid+ sa2 = -m{p' + q) + sip'm + moq), 
ri=l x=e+i 
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i.e., dp = s = ^qj^Jln , and the first case of (3.38) occurs, a contradiction witli tuq > m. 

Now suppose a > 1. If p' + (7 > 0, then either case of (3.57) shows i^ < jk for aU k (note 
from (3.44) that — ai > 02), i.e., F\P, a contradiction with our choice of P. Thus p' + q <(), i.e., 
p = ^ < —1. Now assume p = —1. If necessary, by replacing y by y + f3x~^ for some /3 € C, we 
can suppose /n = (cf. notations in (3.45)). Note that we stih have (3.50) since its proof does 
not require F,G to be polynomials on x. Thus we have (3.51). Then as in the proof of Theorem 
3.25, we have p 7^ —1. This completes the proof of the theorem. D 

3.4 Reducing the problem to the case p <0 

In this subsection, we want to show that the proof of the two-dimensional Jacobian conjecture can 
be reduced to the case p<0. 

Lemma 3.26 Suppose {F, G) is a Jacobi pair in C[x ,y] with p = — > and niQ > 0. Then the 
primary polynomial F satisfies one of the following {up to re-scaling variable x): 

(i) F = y -\- x^ andq = l. 
(ii) F = y'i -\- X and (7 > 1, tuq = 0. 
(iii) F=(y'?+x)*i(y+(5g,iax)*2 for some l/aSC, n,i2/0, gcd(ii,i2) = l, (ii,i2)/(l, 1), ?no = 0. 

Proof. If d = 1, then we have (i) (cf. (3.41)). Thus suppose d > 2. If a < —2, then F divides the 
left-hand side of the first equation of (3.43), a contradiction. Thus a > — 1. 

Suppose a = —1. Then the second case of (3.38) cannot occur since dp >0 and d > 2. Thus 

m(p' + q) min' + q) q , , 

d + dp= /-^ ^ "^^ < ^^ ^ '^^ = 1 + ^ < 1 + g < 1 + rf, 3.59 

p'm + m^q mp' p' 

So dp < 1. If dp = 0, i.e., dyP = 0, then the second equation of (3.43) shows d = 1, a contradiction. 
If dp = 1, then all equalities must hold in (3.59), i.e., uiq = 0, p' = 1, d = q. Thus we have (ii) by 
Lemma 3.22(2). 

Now suppose a > 0. As in the proof of Theorem 3.25, we have (3.53)-(3.58). If a > 0, then 
either case of (3.57) shows ik < jk for all k (note from (3.44) that —ai > ai since p' + q > 0), i.e., 
-F|P, a contradiction with our choice of P . Thus a = 0. If £ = 1, as in the arguments after (3.58), 
we obtain d=\ (since F is power free, cf. (2.11)). Thus -£ > 2 (and so s > £ > 2). Again, as in 
the arguments after (3.58), we have 

m(rl + q) q , , 

< dp = s = — ^JLZIL < 1 + ^. (3.60) 

moq +p m p 

Thus we have the first case of (3.38). Note that any irreducible polynomial Q in the ring C[x^^][y] 
does not contain an irreducible factor of multiplicity > 2 in ^[y]. If dp < g (then q > dp = s > 
i > 2), by Lemma 3.22(1), P has only one different irreducible factor, i.e., s = 1, a contradiction. 
Thus dp > q. Assume q = dp, which is equal to s > 2. Then p' = 1 by (3.60) because: if p' > 3 
then 1 + -T < 1+3 <9;ifp' = 2 then q > 2 (since p', q are coprime) and 1 + -^ = 1 + ^ < q. Hence 

(3.60) gives tji = q^ruQ. However, since we have the first case of (3.38), we see fe^j 7^ by (3.33), 

and ^/i is integral by Lemma 3.15. Then by (3.22), ^ • ^^^jl, (which, by (3.60), is equal to 
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^dp = ^q = ^) is integral, a contradiction with the fact that q = dp>2. Thus dp > q and by 
(3.60), 

dp=q + l, p' = 1, mo = 0. (3.61) 

First suppose dp > 3. Let H € C[x^^][2/], a inonic polynomial of y of degree k, be an irreducible 
factor of F (in the ring C[2;^^][y]). Then Lemma 3.22 shows that either degyH = 1 (and H = y 
by noting that q > 2), or q\k (in this case H has k different irreducible factors in ^[y]). Since F 
has only (. different irreducible factors in A[y] and £ < dp = g + 1, we see that F has to have the 
form (up to re-scaling x) 

F = {y'i + xf^y^^ for some n, ^2 € ^+ with qii + i2 = d. (3.62) 

lidp = s = 2, then q = dp-l = l, p = ^ = 1, and ( = 2 since 2<e<s. Thus F = {y + xf' {y + ax)'^ 

(up to re-scaling x) for some l^a^zC, ii,i2 GZ+ by noting that each irreducible factor (in A[y]) 
of the p-type q.h.e. i^ is a p-type q.h.e., hence, of the form y + /3x^ = y + f3x for some /3 G C. 

In any case, ii,i2 are coprime by (2.11). If ii =0 (then ^2 = 1) or ^2=0 (then ii = l), or ii=i2 = l, 
we see that F\P, a contradiction. Thus we have (iii). (We can also prove ii ^ 12 as follows: If 
11 = 12, then using mo = and Definition 2.3(2) (ii), we have F[o] = F™ =(y'^-l-x)*i™''(y-|-(5g^iax)*i'"', 
which is a Jacobian element by Lemma 3.21. By re-denoting y'^+x, y+6q^iax to be x, y respectively, 

we obtain from Fro] that H := x*!™ y*^™ is a Jacobian element, but (—1, —1) G Supp// '1™' , a 
contradiction with Theorem 3.6.) This proves the lemma. D 

Now for any Jacobi pair {F,G) in C[a;^-'^,y], if we have Lemma 3.26(i), then by applying the 

automorphism {x,y) 1— t- {x,y — xP ), F becomes an element with prime degree < — . If we have 

Lemma 3.26(ii) or (iii), then by applying the automorphism {x,y) 1-^ (x — y'^,y), F becomes an 
element with a lower y-degree. Thus by induction on deg^F and on the prime degree p, after a 

finite steps (note that we have only finite possible choices of p = ^ since l<g<deg„F by (3.42)), 
we can suppose either F has y-degree < 1, or else, p<0 (this implies mo > 0, otherwise, by the 
definition of the prime degree p in Definition 2.1, we would obtain F,G G C[x~^,y] and {F,G) 
cannot be a Jacobi pair). Thus from now on, we can suppose mo > and p<0. Note that if the 
original F,G are in C[x,y], then after the above process, the resulting F,G are still in C[x,y]. In 
this case, by Remark 3.17, we can suppose 0<mo <m and p<0. The above have in fact proved 

Lemma 3.27 If there exists a Jacobi pair in C[x,y] which violates the two-dimensional Jacobian 
conjecture, then there exists a Jacobi pair {F, G) in C[x,y] satisfying < niQ < m and p <0. 

For our purpose of discussions, from now on we assume 

F,G e C[x±\ y] with < mo < m, and p<0. (3.63) 

In case p<0, we always write p = —^ for some coprime positive integers p",q. We can suppose 

(i>2 because (cf. (3.41)): If p = 0, by replacing y by y+X, where y = X is root of F, we can suppose 
C(i = (in case F becomes a monomial after the replacement, this means that p becomes < 0); if 
p<0, then since p> —^^ >—l by Lemma 3.12 and (3.63), we have p^Z, and ci has to be zero. 

We can use similar arguments as those in the proof of Lemma 3.26 to obtain a = —1,0 in 
(3.43) (even though in our case here p < 0, some arguments in the proof of Lemma 3.26 does not 
depend on p; for instance, we again have (3.56) and (3.57), so if a > 1, then either of (3.57) again 
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shows ifc < jk because by Lemma 3.12, p > —^ > —1, i.e., p' + q > still holds). If we drop the 
condition F ^P, we can always suppose a = because if a = —1 we can re-denote P to be FP so 
that a become zero. Furthermore, if we consider p < and use similar arguments as in the proof 
of Lemma 3.26 (cf. (3.54)-(3.57)), we can obtain 

Lemma 3.28 Every irreducible factor of F in C[x^^,y] is a factor of P, and every irreducible 
factor of P has multiplicity 1. So 2 < d < dp := deg„P = niQ G Z (thus hu ^ 0, cf. (3.22)). 

Furthermore, if F)(P, then every irreducible factor of P in C[x^^,y] is also a factor of F. 

Lemma 3.29 We can suppose y\P. 

tt 
Proof. If p = 0, then since we can suppose c^ = 0, i.e., y\P . So assume p = —— < 0. Since 

bn ^ 0, we see u, ^u are integers (cf. Lemma 3.15). By (3.22), " f, „ , !"° "T , are integers. 

Subtracting them by 1, we see ''™ "^ ,, , I"~"^° » are integers. Since p",q are coprime, we see 

° '' ' moq—mp" ' moq—mp" ^ i-- j ^ f i 

r = ^"l~™°// is an integer. Since dp = qr + 1 (cf. (3.38)), by Lemma 3.22(1), we see P must have 
a monic irreducible factor of degree 1, which has to be y. D 

3.5 Newton polygons 

In this subsection, we start from a Jacobi pair {F,G) satisfying (3.63), and 2<m<n, m/n, and 

regard F, G as in C [x "'v" , y] for some sufficient large A^ G N (at the beginning we can take A^ = 1 , later 
on we may need to enlarge A^ after we apply some variable changes) . We define the Newton polygon 
of F to be the minimal polygon such that the region surrounded by it contains (SuppF) U {0}. 
Thus the Newton polygon of F may look as in (3.64), where, mo,mo,mo&Q^, 'm,,rh,m€N, and 

points such as T,f,f,... are called vertices of SuppF, and line segments such as L, L, L,... are 
called edges of SuppF; we shall always use (no,n), {ho,h), (no,n),... to denote corresponding 
vertices of G. 

— (7no,m)^Supp F 

L 

r— (mo,m)gSupp F 




(mo,m)GSupp F 

(3-64) 

We always assume p, q together with their different versions (e.g., the "' " version, the """ version, 
etc.) are in Z-|_, and q together with its different versions are nonzero. 

The next lemma says that starting from any (not necessarily the top most) vertex f = (rh-o, rh), 
we can find a lower vertex (mQ,m) as long as the edge L satisfies some condition. 

Theorem 3.30 Suppose f = {niQ, rh) € SuppF is a vertex of Supp-F such that < niQ < m with 
TJiQ £ Q_|_, rh G N, and L is the edge of Supp-F as shown in (3.64) such that its slope is either 
7>0 {cf. the statement before (2.8)) or oo (in this case, we write its slope as i with p = 0, q=l). 
Suppose correspondingly {ho,h) is a vertex of SuppG such that IMl = IL = IL^ a^d ^/jg edge of 
SuppG whose top vertex is {fiQ^fi) also has slope |. Assume rn>2 and [cf. Lemma 3.12) 

p mo , m - mo TTIq + no - 1 .„ r>r;\ 

— - > : — I- ^-T-- ■■ TT = ■■ ■■ ;— • (3.65) 

q in mym -|-n— Ij m + n — \ 
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Then either F/q\ {the part of F with support being the edge L) has only one irreducible factor, 

or else, if necessary by changing (x, y) to {x, y + qqx « ) for some oq G C, there is a vertex 
f = (mo,m) sSuppF and a corresponding vertex {iio,n) o/SuppG such that ^ = ^ = ^ o,nd 

< mo < m < rh with niQ € Q+, and 2 < m € N. (3.66) 

Proof. Suppose F = ^^ ■ fijX^y^ E C[x T^ ,y] for some fij € C, and f, L are as shown in (3.64). 
Then Sio^ ^ m^^ ^^^^ p^^^ ^ ^{i,j)eL fij^'v^ ^ which can be re-written as 

rh . .p 

F{0) = E f'.x'^'-'Ty'^-', where /j = / ., (3.67) 

Thus F/Q\ is a — |-type q.h.p (cf. Definition 2.3(3)). Now regard — | as the "prime degree" of F 
and F/Q\ as the leading polynomial of F, and define — ?-type r-th component F/j.\ of F as in (2.10) 
(with the data {p,mo,m) being {—^,mQ,m)). We can write F and define F"" € C for a € Q as 
(where -P'(<o) = Z]r<o-^(^> ^^ *^^ ignored polynomial, cf. Definition 2.3(2)(i)) 

F = F^0)+F^<0), ^"=£Q^<°^'^<<°>' ^^"^^^ 

i.e., we expand -F" according to its — ?-type components. This is well-defined. In fact, if we let 

z € C\{0} be an indeterminate, and replace x,y by zx,z iy, and regard elements as in the field 
(cf. (2.2)) 

C^ = {F = Y. FjZ^ I Fj G C, Supp^F C a - -Z+ for some a, 6 G Z, 6 > 0}, 
then the — ?-type r-th component F/j.\ is simply a z-homogenous element of C^, and (3.68) simply 



1 



means that we expand F"' as an element in C^. Then we can use all arguments before and define 
Rq as in (3.34) such that {F(^q^,Rq) is a Jacobi pair (cf. Lemma 3.21), and in case F^q) has at least 
two irreducible factors, we have (cf. (3.35), Lemmas 3.20 and 3.28) 

^0 = p-^P for some P G Clx^Tf ,y] of y-degree dp = ^'^ ~ P>^ > 2. (3.69) 

To be more precise, we give detailed arguments below. Write G = G^q) + G'(<o) as in (3.68), and 
suppose G^o) lia-s the highest term x"oj/" for some no G Q+, n G N such that ^ = -^^ Denote 

F = zt'^-™°F(zx,z-ty), G = zt"""°G(zx,z-?y), J := [F, G] = z-'^J, (3.70) 

where /i = rho + no — 1 — ^{m + n — 1) > (cf. (3.65)), J = [F, G\. Then clearly, for any r G Q+, 
the — I -type r-th components F/,,\ of F and G(j.\ of G are simply the coefficients of z^ in F and G 

respectively. As in (2.22), we can write G^o) = Z^i^o ^i^^,^ for some 6io G ^ with 600 = 1- Denote 
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Gi = G-J2Zo koF^^. Then deg^G^ G Q is < 0, denoted by -n. Write G^ = z-''^ {Gj^^ + GJ^q^) 
as in (3.68), and suppose degj^GLv = /cn- Then again we can write 

^(0) ~ S ^'^,r^FiJ^ for some 6j,r-i G A with 6o,ri 7^ 0. (3-71) 

Continuing this way, we can write (note that if /i = 0, the fohowing still holds with the first 
summand vanishing) 

G= E z--" Y}>irF^^ ^ z-i'R, (3.72) 

r6Q+,r</i j=0 

for some fc^ € Z, ftj^ G -4 with ko = h, and some R £ Cz with deg^i? < 0. As in Lemma 2.5(6), there 
exists some a € N such that bir = if r ^ — Z+. Assume there exists tq < fi being smallest such 
that dxbig^ro 7^ for some zq G Z+ (and we take iq to be smallest). Comparing the coefficients of 
2;-ro [t^ f^i^Q ig^i equation of (3.70), we easily obtain a contradiction (we have an equation similar to 
the first equation of (3.13)). Thus bir G C. Since GL in (3.71) is a — |-type q.h.e. (cf. Definition 



2.3(3)) and SuppF,Q>™ lies in a different line with slope i for different i, there is at most one 

i such that bi^n ¥" 0- Thus we can assume bi^n = for i > 0, and (3.72) can be rewritten as 
(although we do not need the actual value of kj., one can compute that kj. = n — . '^^. . if bj. ^ 



'' ri 

^Q^ iiCD 111 uiic line Jjcxaoiiig, Liiiuug,ii \^iL\i — 1,11) miLLL Diwpc p 

{^kr,kr) = (no -r-io^,h-io) for some zq G Z) 



by using the fact that SuppF,™^ lies in the line passing through (no — r,h) with slope |, i.e.. 



G= J2 z-^F^ + z-f'R for some K G C. (3.73) 



Hence, [F,R] = zf'[F ,G] = zf'J =J . Write it' = ^(o>+^(<o) as before. Then we obtain [F(o>> -^(o)] = "'^- 

As before, we use F to denote the primary polynomial of F(n\ . Then as in the proof of Lemma 

.hi. . ~ 

3.19, we see from (3.73) that i*",^ is an integral power of F if br 7^ 0. Hence Riq\ is a rational 

function on y of the form FZ.P for some b £ Z, P £ C[x n ^y] (as in Lemma 3.20). Noting that 

{deg^R(^Q^,deg R(^Q^) = {hQ — jl,h)+/3{^,l) for some /3gQ (by considering Suppi^^o))) which must 

be also equal to either (1— mo,l— rh) or 7(7720, ?n) for some 7GQ (by the fact that [-F^o>i ^(o>] = '^)i 

we can solve that deg i?/o\ = 1 — 7h or j^~_^- — ni (as in (3.35)). Thus, if F has at least two 

irreducible factors (in yl[7/]), we can obtain (3.69) by taking Rq = i?^o> (cf- Lemmas 3.21 and 3.28). 

We may suppose F has at least 2 irreducible factors (in ^[y]). Otherwise 

F^Q^ = x™<'(y - aox"?)*^ for some ^ ao e C. (3.74) 

By replacing y hy y + aox i (in this case since x "J G C[x ^ , y] we must have q\N and we do not 
need to enlarge N), F becomes an element with the "prime degree", denoted — ^, being smaller 
than — ?. Since — £7 > — ^ (as in the proof of Lemma 3.12) and 1 < q' < Nrh (cf. (3.42), noting 
that F is now in C[x ^,y]), we only have finite possible choices of — ^. Thus F can eventually 
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become an element such that either the ">" in (3.65) becomes equahty (i.e., /i becomes zero), 
or else (3.65) still holds but F has at least 2 irreducible factors. Let us assume the later case 
happens (remark: if F,G € C[a; , y] and (3.74) occurs, then | G Z and so p = since the 
right-hand side of (3.65) is > —1, and thus after the above replacement, p becomes nonzero, and 
we still have the following three facts: (i) F,G ^ C[x^^,y]; (ii) F^q) ^ xC[x,y] since in (3.67), 
JTio — if ^ "TTio — iTT'^ > (whether or not the ">" in (3.65) becomes equality, we always have 

— ? > — ■^), analogously, G^g) ^ xC[x,y]; (iii) /i > (which is equivalent to (3.65)), otherwise 

(3.72) with fi = shows G = R and so (F^g^, G^q)) = (-^(o))-^(o)) = '^) ^ contradiction with fact (ii), 
thus fact (iii) shows that we always have the later case, and in particular after the variable change 
(3.79), we always have a side L with negative slope in (3.82)). 

If p = 0, then Lemma 3.28 shows rho|rh (in general, for a, 5 G Q with a ^ 0, notation a\b means 

- S Z), dp = ;j^, and the leading polynomial F^q) ^^^ ^^ most dp irreducible factors, thus at least 
an irreducible factor of Fm\ has multiplicity > ^ = itiq. If every irreducible factor of F/q\ has 

multiplicity mo, then F must be a power of P, which contradicts the dot version of (3.43). Thus 
at least one irreducible factor, say, 

fi = y — aQ for some oq G C, has maximal multiplicity, say, m > mg. (3.75) 

Now replacing y hy y + oq, we obtain that {mQ,m) (with uiq = ttiq) is a vertex of F satisfying 
< rho KnKm (we remark here that if our starting pair (F, G) is in C[x, y], then the resulting 
pair after the variable change is still in C[x, y]). Now assume ;j>0. As above, suppose the following 
irreducible factor (in A[y\) of F, 

_p 
fi = y—otQX i has maximal multiplicity, denoted rh (thus rh < m). (3.76) 

Then m > ^ = 'H'^o-pm ^-^^ (3.38)). Applying the variable change (if necessary we enlarge N by 

q times to ensure that after the variable change, all elements under consideration are in C[x n , y]) 

a : {x,y) ^ {x,y + aox i), (3.77) 

we obtain a vertex {mQ,m), where 0<mQ = mQ — {'m — mQ)^ <m<m. 

In any case, we have (3.66) except that we have not yet proved 2 < m. Using (3.17), (3.65) 
and (3.73), as in the proof of Lemma 3.12, we have G/q\ = F/J^., and so ^ = ^ = ^ = ^- Finally, 
if m = 1, we would obtain n = tti-S- = mh, a contradiction with the assumption that m/(n. D 

The proof of Theorem 3.30 shows that we can eventually obtain a vertex, denoted {ffiQ^m), 
such that (where | is the slope of the edge L with top vertex {rfiQ^rh)) 

p rhn rh — rhr, 

m>2, ^. = -^- ..,.. ^..^ ., , (3.78) 

q m m{m + n — Ij 

and if F is the part of F with support being the edge L and G is the part of G analog to F, then 
(F, G) is a Jacobi pair (cf. (3.73) with /i replaced by /2 = and statements after (3.73)). 
Now we apply the variable change (as before, if necessary we enlarge N by q—p times) 

<i p 

{x,y) 1-^ {x'i-p ,x ^-py). (3.79) 
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Note that any line with slope i is mapped under (3.79) to a line parallel to the y-axis, so the above 

3dge L in (3.64) are map] 
and /, 5 G C[y] with degyf = m, degyg = n. Using [x"'f,x^g] € C\{0}, we obtain a+b = 1, ^ — - 
i-6-, 0, = ;^3, b = -Tj^- Note also that any line with slope > | is mapped to a line with a negative 



— lo liicippcva uiiu.ci y^j. I iy J tu a iiiic: ]ja,icxiici uu li. 

pair {F, G) determined by the edge L in (3.64) are mapped to a pair {x°'f, x^g) for some a,b ^ 

lyf = rh, degyg = h. Using [x°-f,x^g] € C\{0}, we obtain a+b = 1, ^ = ^ 

rh+ii ' ^ rh+ii 

slope, thus the edge L with slope | > | in (3.64) is mapped to an edge L with a negative slope, 

denoted — ^ (cf. (3.82)). Thus, by exchanging symbols L, f, m, h and L, r, in, n, we see that F and 
G become (up to nonzero scalars) elements of the forms in (3.80) and (3.81) (so from now on, m 
and n do not denote the y-degrees of F and G), such that the Newton polygon of F looks as in 
(3.82), where the existence of the edge L with negative slope — ^ follows from the remark in a few 
lines after (3.74). 

F = x^^^[f+ T.x~^fi), where, f = f{y) = 2/™+ E c^y""* with ci = 0, (3.80) 

G = x'"+" [g+Y.^ ^9i], where, g = g{y) = ?/" + X] ^i?/" \ (3.81) 

for some m, n € N (with 2 < m < n), Mi,M2 € Z_|_, Cj,di G C (we can always assume ci = by 

m 

replacing y hy y — c for some c € C if necessary) and fi,gi S C[y] (note that x'"+"/ is the part of 
F whose support is the edge L, and that the point (;^5^)0) may not belong to the edge L, i.e.. 
Cm can be zero, cf. the last statement of this section). 




(3.82) 

Furthermore, the proof of Theorem 3.30 shows that the part /° of F whose support is the edge L 
with slope — i has the form 

/° = x^y"' n {aix-'^y + 1)"*^ , (3.83) 

for some e, rrii € N, Oj € C\{0} and rrii < m with inequality holds for at least some i (since m is the 
maximal multiplicity among all irreducible factors of /o, cf. (3.76)), furthermore, m, rrii, ^ = 1, ■•■, e, 
have at least a common divisor (otherwise, n must be a multiple of m, and so, for the original F 
and G, we also have m\n, a contradiction with the assumption). 

Prom (3.75) (and the remark after it), (3.77), (3.79), and proof of Theorem 3.30, and Corollary 
3.7(2), we obtain 

Corollary 3.31 (1) The pair {F,G) is in fact obtained from a Jacobi pair, denoted by {F,G), 
in C[x,y] by applying an automorphism of the form 

q p Pi*? Psq 

a : {x,y) t-^ {xi-p ,x i-py + Xix nii-p) -\ + XgX isii-p)), (3.84) 

for some / Aj G C, p, q,pi, Qi £N with ^ < ^^±i < 2 < 1 for 1 <i < s. 
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(2) For any i,j £ Q, we have tr {x^y^ F) = if and only if 

qi—pj iiP—PiQ qsp—psq . 

tv H = 0, where H = x i-p {y + \ix n(q-p) -| + A^x isii-p) y F. (3.85) 

Note that since F,G £ C[x,y], we clearly have tr[x^y^F) = if {i,j) ^ Z?, {we wish that 
one may obtain some condition on F from (3.85)). 

We can decompose F and G as sums of d-type q.h.e. (cf. Definition 2.3(3)) 

F= "£ f\ where f = x^^+^y""'' ^ fijx'^'^y^ for some fij € C, (3.86) 

igQ+ j=niax{0,j— m} 

_n_ _. OO _■ • • 

G = 22 g\ where 5* = x^+^y" * 2J 9ijX "'^V'' for some gij G C, (3.87) 

iGQ+ j=max{0,i— n} 

where all sums are finite. We call d the leading degree of F and G. 

m n 

From (3.80) and (3.81), we see that {x™+" /, x'"+"/7), being obtained from the pair (F, G) under 
the mapping (3.79), is a Jacobi pair, i.e., 

"" -fg' - -^^f'g = J, (3.88) 



m + n m + n" 



for some J G C\{0}, where the prime stands for the derivative ^. Thus / and g do not have 
common irreducible factors and all irreducible factors of / and g have multiplicity 1. 

4 Poisson algebras 



1 



In this section, we use the natural Poisson algebra structure on C[y]((a; iv)) to discuss Jacobi 
pairs. The main results of this section are Theorem 4.1 and Corollary 4.2. 



4.1 Poisson algebra C[|/]((a: iv)) and exponential operator e 



adf 



Let V := C[y]((x~"'v)) (cf. notation in (2.1)), where A^ is some fixed sufficient large integer (such 
that all elements considered below are in V). By Definition 3.1(1), P is a poisson algebra. For 
H € V, we use adji^ to denote the operator on V such that 

adniP) = [H,P] for PeV. (4.1) 

If H has the form 

H = x{aoy + oi) + H, where degr^H < 1, ao, ai G C, (4.2) 

then we can define the following exponential operator on V: 

00 1 
^.d„.^^ ^^ (4.3) 



which is well defined in V, and is in fact an automorphism of the Poisson algebra {V, [■, ■], •) with 
inverse e '^ , i.e., 

(gadff)~i^gad_ff^ e^^«(PQ) = e'^'^«(P)e'^<^^(Q), e'"^" {[P,Q]) = [e'"^" {P),e'"^H{Q)], (4.4) 
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for P,Q (^V. For any Hi, H2 G V having the form (4.2), one can verify 

gadff^ . gadH2 = gadx . gad^^ ^ ^^lere K = e^'^^i {H2). (4.5) 

Note that for any Hi G a;^~ivC[y][[x~^]], i = 1,2,..., both operators 

YYe^H^ ._^ . . .^i^AH^g^i^AH^^ j-jgadH; .^ gadn^gadHj . . . ^ (^4g-) 

are well defined on V: For any giving P € x^C[7/][[x~Jv]] for some a € Z, to compute, say, 
Q = Y\e^ "i{P), we can write Q as Q = J2'^o^^^Qj with Qj € C[y]. Then the computation of 
Qj for each j only involves finite numbers of operators: e^ "i , i < j. This together with (4.5) also 

-1 -i 1 

shows that for any Hi as above, we can find some Ki ^ x ~NC[y][[x~N]] such that 

Yie'"^^i = Ue^'^'^i . (4.7) 

Theorem 4.1 Suppose {F,G) is a Jacobi pair in V satisfying (3.80) and (3.81). There exist 

00 . 00 . 

H = x+YjX^~^K K = y+Y^x-^ki£V with hi,kieC[y], (4.8) 

1=1 i=l 

such that [H, K] = 1 and 

m n 

F = H^^^f{K), G = H'^^^g{K). (4.9) 

Proof. Let F, G G 7^ be as in (3.80) and (3.81). Let i be the smallest positive integer such that 
ifij9i) ¥" (OiO)- By computing the terms with x-degree —jj- in [F,G] = J, we obtain 

fa^ - (— — - -Tr)f9^ + {-—- - -Tr)h9' " ——fi9 = 0, (4.10) 



m + n m + n N m + n N m + n 

-^. First assume i ^ N. Taking /^ — j 



where the prime stands for the derivative ^. First assume i ^ N. Taking hi = -j{fig' — f'gi), 
^i = (m+n).j i'^fdi - nfid), using (3.88) and (4.10), we have 



■^ \ — — 771 — — Tl — — 

l--)hi + k', = 0, fi = —hif + f'h, gi = h^g + g'h. (4.11) 

A'/ m + n m + n 



Take Qi = ^^x^'T^h. Then 



m % 



xm+n ^ /j = — [Qj , x "1+" /] , x'"+" '^ gi = —[Qi,x"^+" g]. (4-12) 

Thus if we apply the automorphism e*^ ''i to F and G, we can suppose fi = gi = 0. 

Now assume i = N. Then (4.10) gives mfgi — nfig = {m + n)cJ for some c E C. This together 
with (3.88) implies m[gi — cg')f = n{fi — cf')g. Since / and g are coprime (cf. the statement after 
(3.88)), we have g\{gi — eg') in C[y], i.e., there exists fcj G C[y] such that 

n ~ m ~ 

9i - eg = ■ — gh, thus, fi - cf = ■ — fh. (4.13) 

m+n m+n 

Now if we first apply e"^ '^^ to F, G (with Qi = f kidy), and then applying the automorphism 

Tc : (x,?/) iH- (x,2/ -cx~^), (4.14) 
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we can suppose fi = gi = 0. 

The above shows that by applying infinite many automorphisms e^ '^i , Tc, i > 1, the pair {F, G) 

m n m m n n 

becomes (x »"+"/, x •"+" 5) . Thus F = o"(x'"+"/) = H"^+'^f{K), G = a{x"^+"g) = H"^+'^g{K) for 
some automorphism a of the form (cf. (4.4) and (4.7)) 

a:= ■■■e'"^''^ • • • e^'^^'v+i^^^e^'^^iv • • • e^'^^i = (•••e^'^'^^ . . . e'^QN+ir^e'^'^QN . . . e'''^Qi)-\ (4.15) 

for some Pi & x ^N(C[y][[x~Nj^^ where H = cr{x), K = (T{y) have the forms as in the theorem 
since deg^Qi < 1 for aU i > 1. D 

Theorem 4.1 can be generahzed as follows (one may wish to obtain some information on F, G 
from this result). 

Corollary 4.2 For any Jacobi pair {F,G) in C[x n ^y'j^ and any line L which meet the hoarder 
o/SuppF {either meet an edge o/SuppF or a vertex o/SuppF) such that L does not pass the 
origin. Regarding L as the prime line, one can start from Ffqi = Fl, the part of F corresponding 

to L, to obtain that there exists an automorphism a of D = C[y]((x~^)) of the form (4.15) {we 
need to change V to V = C[y]{{x7^)) if L is an edge at the left side o/SuppF) with Pi,Qi in the 
localized ring 'F'lFZ.-, ] such that cr{F) = Frgi and cr{G) = (/>(-Fro]) + Rq, where Rq is as in Lemma 
3.21, and (p{F[Q]) is a function 0/ Fjq] of the form 0(F[o]) = Yli&n ^*-^fol ^^^^ Oj G C and FL, is 
a rational function if Oi 7^ 0. 

4.2 Jacobi pairs in C[y]{{x~^)) satisfying (3.80)— (3.83) 

Now let F,G^C[x T^ ,y] be a Jacobi pair satisfying (3.80)-(3.83). Let -ff , i^ € "P be as in Theorem 
4.1 (note that H,K are not necessarily in C[x iv^y]). 

Lemma 4.3 There exist a unique a, called the leading degree of H and K {as in (3.86)), such 
that H = Xlieiz ^{-i)-> ^ ~ Se-z ^{-i) ■f'^^ some /? € N, where ff^_j),K^„j) are respectively 
the a-th —i-th components of H,K of the following forms {cf. Definition 2.3(1)), 

H^_i)=xy-'j:hijX-^''y^, K^_,) = y^-' ^ hjX-^W, (4.16) 

j>i j>max{0,i— 1} 

for some hij,kij € C with kio = {note that K does not contain the constant term by (4.8)) and 
at least some hoj or koj is nonzero for some j > I. 

Remark 4.4 We remark here that when some negative power of y appears in an expression (as 
in (4.16)), we always regard the element as in a proper space which is a subspace of the space 

V := C((y-^))((x-^)) (cf. notation in (2.1)). (4.17) 

Proof of Lemma 4-3. For i > 0, we inductively define Qi, F^^' = x"^+^ (/ + X]^t=i x~^ fj ) and 
Q{i) ^ x^h{g + Y,f^^x-Ngf) as follows: Qo = 0, F^o) = F, G^o) = G (in particular, ff^ = fj, 
g- = gj). For i > 1, Qi is defined as in the proof of Theorem 4.1 with {F,G) replaced by 
(F(*-i),G(^-i)), and set 

p(i) ^ e^'^'3»(F(*-^)), G(') = e'"^'^^{G^'~^^). 
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We remark that since our purpose here is to prove (4.16), from the discussions below, we see it 
does not matter whether or not r^ defined in (4.14) is involved in (4.15). Thus for convenience, we 
may assume Tc is not involved. Alternatively, one can also formally regard the automorphism Tc as 

e '^N with Q^ = Inx and regard Qj^ as an element with x-degree and y-degree being zero, and 
QxQn — ^~^' ^vQn — 0- I^ t'^is way, Qjy can be regarded as another Qj^, and we define F = 

e^'^Qiv(FW), G^''^ = e"''^iv(G(^)) and F^^+i) = e^^'^^+i (F^^^), G(^+^) = e'^'^^'v+i (g^^)), etc. 

Now we choose 7 to be the minimal rational number such that (thus at least one equality holds 
below) 

degyQi <l + ij, degyfi <m + ij, degyQi < n + ij fox < i < N + Mi + M2, (4.18) 

where Mi,M2 are as in (3.80), (3.81). Note from the edge L in (3.82), we see that 7 > j^ > 0. 
We claim that for all i > 0, we have 

degyQi <l + i"f, degy/j*^ < m + J7, degj^^j*^ <n + j-/ for all j > 0. (4.19) 

By (4.18), the claim holds for i = (note that /j°^ = gf^ = if j > Mi + M2 by (3.80) and 

(3.81)). Inductively assume that (4.19) holds for some i = iq — 1 > 0. Now assume i = iq. We 
want to prove 

degyQi, < 1 + io7- (4.20) 

If io ^ -^) we already have (4.20) by (4.18). Assume i^ > N. By the inductive assumption, 
degyfi < m + ^07- Then the first equation of (4.12) with i = iq — 1 shows that either 

deg^/^'°"') = deg^g,o + degyf - 1 or else (1 - i^, deg^Q^J = /3(^, deg^/) for some /? € Q. The 
later case cannot occur since io > N (i.e., 1 — ]^ < 0). The first case implies (4.20). This proves 
(4.20) in any case. Now by definition of e '''o (cf. (4.3)), we know 

xm+n~Nn^°' = a combination of elements of forms adg. (x'"+"~"'^/- ° ), (4-21) 

for ji,J2 G Z+ satisfying jiio + j2 = j- Thus for all j, 

degy/p' < max{ji(degy(3io - 1) + degyf f^°~^' \ji,J2 € Z+, jiio + J2 = j} < m + j-f, 

where the last inequality is obtained by the inductive assumption. Analogously, degj^g',^*" < n+j'j. 
This completes the proof of (4.19). Now let fi > 1 be minimal such that when i = ii, at least one 
equality holds in (4.18). We claim 

deg^Qi, = 1 + ii7. (4.22) 

Otherwise degyQi-^ < 1 + ii7 and, say, degyfi-^ = m + zi7. We want to prove by induction on i, 

degyf j;^^^ = m + ii7 for 0<i<ii-l. (4.23) 



By definition, (4.23) holds for 1 = 0. Inductively assume (4.23) holds for i — 1 < ii — 1. Similar to 

r ^ ' ici n *^/~i inr\ l-\iT^t-iT-ii-ivi r^T i-\ i~i-J ^ I /y 777, -|- 77, TV T ' 

whose y-degree is either < m + ii7 if ji 7^ 0, or else = m + ii7 if ji = (note that x™+" ^ f- 



(4.21), a;™+" '^ f^ is a combination of ad;^ (x»"+n ^ p '^ (for ji,j2 € Z+ with jii? + j2 = «i), 
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does indeed appear as a term in x'"+" ^/^ ). Thus (4.23) holds. However, (4.12) with {fi,Qi) 

replaced by {fj^^^ , QiJ implies that deg^/j^*^ < degyQi^ — 1 + degyf < m + iij, a contradiction 
with (4.23) (with i = ii-l). This proves (4.22). 

Using (4.4) and (4.5), we can explicitly determine Pi in terms of Qi, ...,Qi,Tc from (4.15); for 
instance. 

Pi = -TciQi), P2 = -re(e^'i^i(Q2)), Ps = -re(e^'i^2e'^<i^i(Q3)), - 

In particular, if we write Pi = X^'J^j ^ ~^Pij for some pij € C[y], using (4.19) and (4.22), one can 
show that degyPij < 1 + i7 for all i,j and deg^pij < 1 + ^7 if j < h, and furthermore, ii is the 
minimal integer such that the equality deg^pj^j^ = 1 + ii7 holds when i = ii. This implies (using 
H = a{x), K = cr{y) and definitions of hi, ki in (4.8), as discussions above) 

degyhi < ij, degyki < 1 + ^7 for i > 1, and the equalities hold when i = ii. 
Thus we have (4.16) by choosing a = —^. D 

Clearly, we have a < a (otherwise from (4.9), we would obtain f^ = X'^+^y*", a contradiction 
with (3.83)). We rewrite F = X^^q P/^i) according to the leading degree a of H and K (but not 

according to the leading degree q of F and G; in particular if a = d then F/^i\ = /*, cf. (3.86)), 
and call F/-i\ the a-type —i-th component of F. Then (cf. (3.83)) 

^(or^w=^(o) = <; ^ /=! (4.24) 

Xm+ny"^ if a < CX. 

m n 

Note that {HJ^^"^ K'^^^HJ^^'^ K}"^'^') is a Jacobi pair, also (F^q), -F/q\^-P(o)) is a Jacobi pair, where 
P(o) has the form (cf. (3.69), (3.83), Lemmas 3.21 and 3.28) 



^(0) 



e+e 

xy n (aix'^'y + 1) if a = d, ,^ ^5) 

^ xy if a < d. 



for some e' > and Oi € C Thus up to a nonzero scalar, HJq^^K,^."^ must have the form 
F,~, Pi;o) + "0 with [F^o>i ■0] = 0) and so -;/' is a function on F^g) (noting from (2.22) that in case 
[G, F] = 0, we can obtain that each bi does not depend on x, i.e., G is a function on F). Since 

71 

HJ^^" K,Z^"^ is an a-type q.h.e. (cf. Definition 2.3(3)), t/j must be of the form ^o-^/n) fo^ Oq ^ C and 
/x € Q (we do not need to know the exact value of /z, however by noting that Supp(FT,, P/q\ + tjj) is 
on a line with slope — — , the term x >"+" y^"^ in Ffl, must be of the form x »"+" ~*o"y i-"^+*o for some 

io G N since F,~> P/q\ + -;/' has a term x'^+iy-^"'", one can compute fi = (i,(\~)^) )- Thus we 
can solve (up to nonzero scalars) 

m-\-n 

rn,-\-n 



A-^o) = F-^-^-'^ (P^o> + ^oi^for)"""^^' ^(0)^(0) = ^(0) + ^o^Sr- (^-26) 
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In particular, if a < d, then Oq ^ (otherwise ff^o) = 2;, iT^o) = V-, ^ contradiction with the 
definition of a). Applying dx,dy to (4.9), using (3.88), we have 

Hd^K = ^——(mFd^G - nGd^F), HdyK = ^-—-(mFdyG - nOdyF), (4.27) 

{m + n)J ^ [m + n)J ^ u > \ 1 

which imply that they are polynomials (i.e., elements in C[x iv,y]). In particular, by (4.16), 
-ff^o)-^(o) = yH[Q)dyK(^Q^ + ^xH(^Q^dxK(o) is a polynomial. Thus the last equation of (4.26) shows 
that if 60 7^ 0, then Fft, is a polynomial (thus {fi + l)m' € Z+, where m' is the greatest common 
divisor of m,mi, i = l,...,e, cf. (4.24)). Note that in any case (either a = a or a < d), each 
irreducible factor (in C[x n ^yj^ of F/q\ is an irreducible factor of H/q\K/q\ with multiplicity 1 by 
(4.24) and (4.25). Also note that since Hi_j\^Kij\ are a-type q.h.e. (cf. Definition 2.3(3)) of the 
form (4.16), we always have 

xdxHi^_i)+aydyH(^_i:^ = {l-ia)H(^_i), xdxKi^_i)+aydyKi^_i) = {l-i)aK(^^i:^ foralHGiZ+. (4.28) 

In particular, we can obtain 

1 = [//(o>, A>)] = — (aK(o>5x^(o> - %>5./^(o>), (4.29) 

where the first equality follows by comparing the a-type 0-th components in 1 = [H^K]. We 
always denote 

VQ = l + -. (4.30) 

a 

Now let 

1/ > be smallest such that (-??(-,,) , ^(-i/) ) ¥" (0, 0). (4-31) 

Then (4.27) gives that (using (2.14) and (4.28)) 
Ri := (1 - i/)//(o>i^(-^> + ^(-^>A(0) 

X 

= y{H(^o)dyK(^^^)+H(^^^)dyK\Q)) + -{H(^Q)dxK{^„)+H{^^)dxK{o)) is a polynomial (4.32) 
Lemma 4.5 There exists a unique element 

Qu= H q^jx^-^'^y^^^^" e V for some q^j G C, and deg^Qu < 1, (4.33) 

with qio = {if v = 1) and q^^^uo-i = itf '^0 G N), such that 

H^_,^ = [Qu,H^o)] = —{H^o)dxQu - (1 + a(l - u))Q,dxH{o)), (4-34) 

Kt^^,) = [Q.,ir^o>] = —{aK(^o)dxQu - (1 + a(l - u))Q,dxK^o))- (4.35) 

Proof. First we set qu.u-i = and inductively choose unique q^j € C for j > z^ to satisfy 

(1 +i - ^)q,^j + E ((1 - ^«)(l +j-i-i^)-i{l- {j - i)a))hoiq,y,j-i = h^j, j > u, 
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which imphes [Qu,H(^q^] = H(^_^y Set K,^ = K(^_^\j — [Qy^Ki^Q-^]. Then by (4.31), we have 

1 = [H, K] = [i7^o> , A'(o)] + [[Q., i:f(o>], ^(0)] + [%), [Qu, i^(o)] + KA + --- , (4.36) 

which imphes [Hiq\ , Ky\ = since the omitted terms are those components whose component 
indices are < —u. Thus as in the arguments after (4.25), Ki, = X,^H?^. for some A^gC and Oj^gQ. 
Since SuppX^ and SuppK/_j^\ are on the same hne, we have x""" = x~^°°'y^'''^^^° for some iq, thus, 
a^ = (1 - u)a. First assume u ^ uq (cf. (4.30)). Then i^(„^) = [Q^ + i+4'i^i.) -^?o)"^^~'^^-^(o)]- 
Thus by re-denoting Q,y + i , /(„i -H'/q\" '^ to be Qi^, we can suppose A,y = (note that we stih 



have deg^Qi, < 1 since if z^ > 1 then deg2.-ff,„> " '^ < 1, and if z^ = 1 then H/q\ contains the term 
X, but since K does not contain the constant term, i.e., Aj/ = 0). 

Now assume u = i'q. Then Uug = — 1- Noting from (4.16) that among all components of K, 
only K(^__y^\i can possibly contain the term x~^ , also we can deduce from (4.16) and (4.33) that 
[Qu^^,K(l^'^] = -K(i^^dxQvi^ cannot contain the term x~^ . Thus Cocii{K,x~^) = Cocs{Ku^x~^) = 
Coeff(-^i/-f^/o\ ^x^^) = ^v If necessary by replacing y hy y — Xx~^ for some A € C, we can always 
suppose Coc{i{K,x~^) = 0, i.e., X^ = (noting that since the original pair {F,G) satisfies (3.6), 

m n 

and (3.6) is also satisfied by the Jacobi pair (x'"+"/, x'"+" 5), by Theorem 3.6(1) and (4.9), we see 
KeSx{HdxK) = 0, from this we in fact have Cocs{K,x~^) = 0). Hence in any case, we have the 
first equalities of (4.34) and (4.35), and the above proof also shows that such Q^, is unique. Now 
using (4.33) we obtain as in (4.28), 

dyQu = — ((1 + a(l - u))Q^ - xdxQu), (4.37) 

ay 

from this and (4.28), we have the second equalities of (4.34) and (4.35). D 

Computing the a-type — i/-th component -F(-i/} of F in (4.9) gives that (cf. (3.80) and (4.31)) 

"^ / mH/_,,\ mKi_,.\ \ 

Now we first assume v ^ v^. Using (4.24), (4.26), (4.34), (4.35) and (4.37), we obtain that 
i+ati~u) R^ and i!2±!^/j2^^o> '"+"/^Joy" are respectively equal to 

i?3 := -H(^o^K(^o)dxQu - -((1 - i^)H(^o)dxK(o) + K^o)dxH^o))Qu, (4.39) 

Ra := -(1 + {m+n)a)H(f))K(f))dxQu (1 + Q(l-z/))((m+n)i7(o>5xi^(o> + -f^(o>5x^(o>)Qi^ 

m ^^^W^(0> • ^^-^^^ 

Multiplying the first equation by —(1 + {m + n)a) then adding it to the second equation, and using 
(4.29), we solve 

Qy = qu + pHi^^^K]-.", where /3 = ■ r-—^c^, (4.41) 

^ ' ^^> m[rn + n — 1 + v) 
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and Qy = - — / "•^"i 1^ \ — -. Thus if c^ = 0, we obtain that Q,, is rational (i.e., an element of the 

^■^ a(m.+n—l+u) ly ^ -^ ly \ i 

form Q with P,Q ^ V). Assume c^ ^ Q (thus z^ > 2 by (3.80)). Similar to (4.32), we obtain that 
(note from (4.31) that the a-type — 2i/-th components of HdyK and HdxK only involve H/q\, 

K{Q)-, ^(-l/)) ^{-V)^ H(^_2y), K(^_2y)) 

i?5 := (1 - 2z.)F<o)^(-2.> + (1 - i^)^(-.)i^(_.) + H^^2u)K{0) , (4.42) 

Re := Hii^)dxKi^^2u) + H(^^^)dxK^^^,) + H^^2u)dxK/^o), (4.43) 

are rational. Our attempt was to use (4.27)-(4.41) to prove: 

(i) Suppose v ^ vq. Then Q^, is a rational function. Furthermore, KY„^ is rational if c^ ^ 0; 
(ii) Suppose u = uq (then ^ G N). Then dyQiy^ = --^d^Quo, and i?(_,.o) = ^H(^o)dxQ„o' 
^{-i^o) = lK{o)dxQuo- Furthermore, "'^(^^^")"^"J"^ d^Q^o + CuqK^q'^° is rational. 

We claim that if (i) and (ii) hold, then it would imply that a Jacobi pair (F, G) in C[x ^r ^ y] satisfy- 
ing (3.80)-(3.83) does not exist (which implies the two-dimensional Jacobi conjecture). Although 
(i) or (ii) might not necessarily be true, one may get some information from this. 

5 Weyl algebras 

In this section, we first generalize results of the previous sections. All undefined notations can be 
found in the previous sections. The main results in this section are Theorems 5.2, 5.3. 
We denote 

OO i 

Au = {/ = E fiU ^^ I /i e C and some a, /3 G Z, /3 > 0}, (5.1) 

j=0 

OO i 

Bu^ = {F=Y1 u^'^Fi I Fi G C((t;-i)) and some a, /? G Z, /3 > 0}, (5.2) 

i=0 

so that A^ is a field, and Buv is an associative unital algebra (which is in fact a divisible ring) such 
that the product obeys the following law: 



S/J 



V u- 



S *' (*) P) ^^~'^*~' for i G Q, j G Z, (5.3) 

or more generally, 

v'f= E ('\fi'^v^-',gu^= E PV^-V^\ where Z^'') = a^/, 5^^) = 5,V (5.4) 

sez+ \S/ sez+ \^J 

for i e Z, j e Q, f e Au,g G C((-y~^)). Thus, the Weyl algebra Wi is the subalgebra of Buv 
generated by u, v. We remark that an element F of Buv is a combination of rational powers of u 
with coefficients in C{{v~^)), and we always write an element F in its standard form, namely, u 
always appears before v in any term of F. Then we can define a linear map 



— > 



Buv -^ B such that u = —x and v = y. (5-5) 
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We also denote the inverse map of . Then clearly, for any F,G G Buv , we have 



FG = F (^ + • • • , [F,G] = [F,d] + --- , (5.6) 

where the omitted terms in the first (resp., second) equation have n-degrees < deg„FG (resp., 
deg„[F, G]), and the bracket in the left-hand side is the usual commutator in Buv defined by (1.1), 
the bracket in the right-hand side is the bracket in B defined by the Jacobian determinant (3.1). 
If we define the bracket [•, -Jw in ;B as 

[F,GU = £ -X{diF){dlG) - {dlFMG)) for F,G e C[x,y], (5.7) 

then clearly, the two Lie algebras {Buv, [■,■]) and {B, [•, -Iw) are isomorphic under the map in 
(5.5). 

Now consider the Weyl algebra Bw Any element F = J2'^o^°'~~^ fi S Buv with /o 7^ being 
monic has the inverse F~^, which is defined to be the unique element H = Yl'i^o'^~"'~'^^i with 
^0 = /o~^ and 

1 = FH= Z (~''~^)n~'^"'ft^hj (cf. (5.4)). (5.8) 

i,j,s€Z+ \ ^ J 

Note that hi is uniquely determined for all i. Further assume /o has degree deg^/o = m > 0, then 

Q act i 

for any a, 6 € Z, 6 > with b\am, we can define Fb to be the unique element E = Y2i>o ^ '' ~ ^^i 

a 

in Buv such that cq = f^ (which is defined as in (2.4)) and 

b-l 

F'' =E^ = u'^'^el + ^(«'^eo)'(n'^"?ei)(M'^eo)*"^"' + • • • . (5.9) 

Using (5.4), we see that when writing the right-hand side of (5.9) as a standard form, the coefficient 

aa s_ 

of u '' (3 is (where we use * to denote some coefficients which can be determined but not needed 
for our purpose), 

Coe.(F^.^-f) = e^^e.+ Y. *^'^---^^ (5-10) 

JoH \-is+ko-\ \-ks=s 

Thus for each s > 1, (5.9) has a unique solution for e^, which has the form 

e, = e^h = ffh for some A; G Z, /i G C((t;~^)). (5.11) 

Note that if F 7^ 0, then we have = [F,FF~'^] = F[F,F~i], which implies [F,F^^] = 0. Then 

, 1 

for any a, 6 G Q, we can write a=-,6=-GQ with c,d,q £ Z,, q > 0, and if we write H = Fi , 

then (say c, d > 0) 

c-l c-ld-l 

[F^,F^] = [H^,H'^] = Yl H^[H,H'^]H^-^-^ = E E H^{W[H,H]H<^-^-^)H''-^-^ = 0. (5.12) 

i=0 j=0 j=0 

Now suppose {F,G) is a Dixmier pair in Wi, i.e., F,G £ Wi with [F,G] = 1. As before, we 

can express G as 

00 _ - 

G = Y.hF^ for some hi G Au- (5.13) 

1=0 
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We define p = p{F) as before. First we assume p > —1. Then from (5.3), we can easily observe 

HK = KH + {ignored] for any H,K e Buv, (5.14) 

where, we use \ignored\ to denote terms whose component lines are located below the prime line 
of the proceeding term, cf. (2.8)). Similar as in Definition 2.3, we define F S C[u ][v] to be the 
p-type q.h.e. such that 

F[o] = u^^oprn' _^ ^ign()red] , (5.15) 

with m' maximal. Then from X^^qI-^' ^«]-^~™~ ~ S£:o[-^' ^«-^^^] ~ t-^' ^] ^ '^*' ^^ s^®' 

bi£C {i <m + n-2), deg^bm+n-i = I + ctq, deg„6m+„_i+i < 1 + (Tj (i > 0), (5.16) 

where ctj is defined in (3.14), and the last equation follows by comparing the p-type component. 
Using (5.14), as in the proof of (5.11), we see that the analogous result of Lemma 2.5(5) also holds, 

i.e., for all ^ G Z with d\i, where d = deg^F, and all r G Q, the element u ™ [Fmj,-, of Buv 
is of the form F'^P for some a € Z, P G C[ti ][y]. Using this and (5.14), we obtain d\{n — i) if 
i <m + n — 2 with bi ^ (cf. Lemma 3.19), and we have analogous results of Lemmas 3.21, 3.26 
and Theorem 3.25. In particular, we can assume 

p < 0, and furthermore, p < —1 if tjiq > m > 0. (5-17) 

We remark that the following discussions will be similar to Subsection 3.5. We define the 
Newton polygon of F as in Subsection 3.5. Let {mQ,m) be any (not necessarily the top most) 
vertex of SuppF such that niQ > 0, and (no,n) is the corresponding vertex of SuppG (then 
mo _ no_y As before, we always assume 2 < m < n and m/(n. We can assume rriQ < m (if 
necessary by using the automorphism {u,v) i— )• {v,—u), cf. Remark 3.17). Note that in our case 
here, we cannot assume rriQ ^ m (which will be clear later). Also note that the arguments below 

do not need to assume rriQ > 0. As in Subsection 3.5, we regard F,G as elements in C[u N^y'j 
for some sufficient large N. We define the prime degree p as in Theorem 3.30, such that — is 
the slope of the unique edge (denoted by L) of Supp F which is located at the right bottom side 

of SuppF with top vertex {mQ,m). Note that if F has the form F = X^^q^""^/* ^ '^™ with 
/o 7^ 0, we can rescal F so that /o becomes a monic polynomial of v (however we can only rescal 
u by au, and in the meantime rescal v by a^^v for some 7^ a G C in order for u,v to satisfy 
[v,u] = 1). First we need the following. 



mo 



Lemma 5.1 p > 

Proof. Suppose conversely, p < — ^^. First assume mo < m. Define the automorphism a of 

C[u^N ^v] to be 

, , fm — mn m "0 \ 

a : {u,v) ^^ [ u'"-'"o , u'"-'"o v . 

\ m ) 

Note that under o", the edge L is mapped to the f-axis, and that F, G are mapped to some 

elements in C[ti~iv,t;]. However, any pair of elements in C[ti~"'v,w] cannot form a Jacobi pair, a 

contradiction. Now assume ttiq = fn. As in the proof of Theorem 3.30: Let z G C\{0} be an 

indeterminate, and apply the automorphism (u, u) i-)- {zu.,z~^v). As in (3.70), we have (note that 

if we use notation ? as in (3.70), then here we define — ? to be —1 = —^i but not to be p) 

F = z'"-"^°F(zx,z-iy), G = z"-"«G(zx,z-iy), J := [F, G] = z^J, 
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where fi = m + n — niQ — uq > 0. Note that smce p < —1, both F and G only contain non-positive 
(rational) powers of z, thus the last equation cannot hold, a contradiction. This proves the 
lemma. D 

Now by Lemma 5.1, we have p > — ^2o > _i^ so we can always apply the automorphism 
(cf. (3.79), note that p is the — ? there) 

1 p 
{u,v) 1-^ {{1 +p)u^+p,u'^+pv), (5.18) 

so that the edge L becomes an edge in the first quadrant, which is parallel to the y-axis. Thus we 

can always assume < thq < m and p = 0. Hence we can write F as F = X^j^g ^"^^ '^/i for some 
fi S C[i'] such that /o is a polynomial (which can be assumed to be monic) of v of degree m > 0, 
which contains at least two terms. We can further suppose that /o has at least two different roots, 
otherwise by change v to v + a (where a is the root of /o), /o becomes v"^, i.e., p becomes negative 
(and we repeat the above to use (5.18) to change p to zero, this repeating can only last finite times, 
as in the proof of Theorem 3.30, cf. statement after (3.74)). In particular, we can obtain itiq ^ m. 

Analogously, we write G = Yli=o''^^°~^9i with go being a polynomial of u-degree n. We always 
regard F, G as in Buv Note from [F, G] = J ^ that tjiq + uq > 1. 

First assume rriQ+nQ > 1. Using (5.6) and Comparing the coefficients of u"^°^"'°~^ in [F, G] = J, 
we obtain 

90 = ^o/o" foi' some nonzero 6o £ C. (5.19) 

Write / = F^ with m' maximal. Then (5.19) proves F~^ is a polynomial. Denote G^ = 

G — Yl'iZo^ioF~^ ■ Discussing as above (with G replaced by Gi and using (5.5)) and continuing 
(similar to the arguments before (3.72)), we can eventually write G as 

G= ^ bsFt +u^-"'°R, (5.20) 

for some /c^ € Z, 6s € C with ko = n, and some R € Buv with deg^i? < 0, so that R can be 
written as Rq = X^^o^~"^^«- Using (5.9), (5.11) and (5.19), as in the proof of Lemma 3.15, we 
see from (5.20) that F~ is rational if 6s 7^ (here an element H = '^^Qu"'~~^hi is rational 
if each hi is a rational function of v), and rg is a rational function of the form tq = i^~™ -ap 
for some a € Z, P € £.[v]. Using (5.5), we have J = [F,G] = [F,u^^'^'°R\, which implies that 
(^j-mo J ^ ^i-mo|r^-j jg g^ jacobi pair in B by comparing the coefficients oiu^ and using (5.12). Namely, 
we have (where the prime stands for d^) 

-{m' + amo)F-^-"PF' + moF-^P' = mo/r^ - (1 - mo) fro = J G C, (5.21) 

which has exactly the same form of (3.43) (with p' = 0,q = 1). Thus as the discussions after 
(3.75), we can find a lower vertex of Supp-F. Continuing the above process (from (5.18)), F, G can 
finally become elements such that nio + no = 1, so we can write mo, no as mo = z^rz:, no = -z^rz:- 
Thus in fact we have proved the following 

Theorem 5.2 Suppose there exists a Dixmier pair {F,G) in C[u,v] such that the Newton polygon 
of F has a vertex {mo,m) with mo,m > {we can assume mo < m by using the automorphism 
{u,v) I— >■ {v,—u) if necessary, cf. Remark 3.17), and {no,n) is the corresponding vertex o/SuppG 
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satisfying IBs. = Ho Qjid 2 < m < n and m)(n. Then there exists an automorphism a of C[u n ^y'j^ 

such that the pair {a{F),a{G)), again denoted as {F,G), having the form (3.80)-(3.83) {with x,y 
replaced by —u, v) such that 2 < m < n and m)(n. 

From now on, we assume that (F, G) is a Dixmier pair in C[u, v\ such that the Newton polygon 
of F has the a vertex (mO) "^) with iuq > tti > 0. 

Regarding the edge at the right bottom side of Supp-F with top vertex {mQ,m) as the prime 
hne, we can expression G as in (5.13). We rewrite it as 

m+n-l ^_^ 

G= E h[F—+R, (5.22) 

i=0 

where 6^ G C is defined similarly as in (3.20). Then all elements G, F~^ ,R are in C[u ]{{v~^)). 
We denote 

w = uv. (5.23) 

It is easy to verify that 

w'-u^ = u^{w + jY for i,jeZ. (5.24) 

Note that for i,j G Z, 

{u^~^wiw — 1) • • • (w — 7 + 1) if 7 > 0, 

_i (5.25) 

u'-^{{w + j'){w+j' - 1) ... (^ + 1)) if j = -/ < 0. 

Thus we can regard the above elements as in C[u^'^]{{w~'^)) . Then 

m+n—l 

Gdu,F= Y^ b[F^ d^F + RdyjF. (5.26) 

1=0 

For F G C[u^^]{{w~^)), as in (3.5), we define the trace of F to be 

tr(F) = Coeff(F, u^w-^) = Coeff(F, u-^v-^), (5.27) 

where the second equality follows from (5.25) by regarding F as an element in C[u^^]{{v^^)) . 
Using (5.24), we see 

tj:{HK) = ti{KH) for H, K e C[u^^]{{w~^)). (5.28) 

Because of this property, we call it "trace". Now we shall compute the trace of (5.26). Obviously 
tr{Gd^F) = since F,G € C[u^^][w]. Let H = F^ , then 

■n —i TYl 

ti{F—d^F) = tr(/7""*9^(if'")) = tr(9^(if'"+"-*)) = 0, 

m + n — i 

by noting that d^] is a derivation of C[u^^]({w~^)) (using (5.24) to verify) and for i < 0, we have 
d^W = Y!r=oH'd^{H)W~^~', and du,{H^^) = -H~^d^{H)H-^ by using HH~^ = 1, and using 
(5.28). This proves 

ir{Rd^F) = tv{Gd.ujF) = 0. (5.29) 
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Since we can assume p < — 1 by (5.17), if we take p' = —1 > p, then we can consider the p'-type 
components. So up to a nonzero scalar, we can assume 

Frni = n^ot;™ + an^o-^u™-^ + (lower terms), 

'^ (5.30) 

i?p] = roiu^-'^ov^-"^ + Pu-"">v-"^) + (lower terms), 

for some q,/3 £ C (if p < p' then Ffqi = u"^°v"^ and so a = 0) and rg = ,^_^ (by condition 

[F[o],R[o]] = l). Thus (using (5.24)) 

F[o] =n™o-™u;(w;-l)---(«;-m + ! + «) + .. . = «"*«-"*(«;"*- U'^^ - ajw""-^^ + ..., (5.31) 

i?p] = ron"*-™o (((«; + rn - 1) ■ ■ ■ {w + 1)^^ + /5((u; + m) ■ ■ ■ {w + 1)^^) + ... 

= ron'"-'"o(u;i-"- (Q - /J^zz;"™) + ..., (5.32) 

where the omitted terms do not contribute to the trace. Hence (using (5.24) and (5.28)) 
{m-mo)Rd^,F = m(^{w + mo - m)^-"" - (^("^^ - /?) (it; + mo - m)^™)^;™-^ 

-(?«-i)(u) -«)^"' + - 

= -({2mo-l)(^] - mf3 - {m - l)a]w~'^ + ... 

Note that for r < 0, {RdujF)!^.] does not contain the term u^w~^, thus 

J — 171/3 — (m — l)a. (5.33) 

Since we can also regard elements in (5.22) as in C[w^^{{v~^)) (to distinguish the difference, we 
use d^ to denote the derivative d^ in C['w^^]{{v~^))) . Computing as above, we obtain 

= (mo - m)tr(Fa^i?) = {2m - 1) ( "^° J - mo/3 - (mo - l)a. (5.34) 

This together with (5.33) proves Theorem 5.3(1) below. 

Theorem 5.3 (1) Assume {F,G) is a Dixmier pair such that SuppF has a vertex (mo,m,) with 
rriQ > m > 0. Then the edge L at the right bottom side o/SuppF with top vertex {mQ,m) 
always has slope 1. Furthermore, if we denote Fro] ^^ ^^ ^^^ P^''"^ of F corresponding to L, 
then F[o] = n"'"?;™ + HMli^mo-i^m-i _^ _ j^^^^ precisely, in (5.30), a, /3 are equal to 

^pm (l-mo)(l-m) 
Q = ^— , /3 = ^ . (5.35) 

(2) If we write Fjq], -R[o] as Fjq] = n'"o-'"/(w), iijo] = r(i(;)'u'^-"'o. Then 

f{ \ f \ 1 , mo-m + 1 

f{w)r{w) = (wH ). (5.36) 

m — mo 2 
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(3) Assume [F,G] = 1. An analogous result to Theorem 3.6(1) holds, namely, for any automor- 
phism a of Buv, we have 

tv{a{G)d^a{F)) =iY{a{v)d^a{u)). (5.37) 

Remark 5.4 (1) We remark that Lemma 5.3 is the place where the great difference between 
Newton polygons of Jacobi pairs and Dixmier pairs occurs; for the Jacobi pairs, an edge of 
the Newton polygon can never have slope 1 (cf. Theorem 3.25). 

(2) The operators dyj, d^ are in fact the unique derivatives in Buv such that 

du,{u) = 0, dUv) = u-\ dl{u) = v-\ dl{v) = 0. (5.38) 

p p p 

To compute d'^{u'^) with | ^ Z, p, g'>0, we set h = u^ and assume 5^(/i) = Yl'iLi "^i^' ^^~^ 
for some Cj € C, and use d^iu^) = d^j^h'^) = J2'iZo K'' {dwh)h'i~^~^ to determine q. Similarly, 
we can use hh~^ = 1 to determine 9^(/i~^). One can obtain 

Proof of Theorem 5.3. (1) has been proved. To prove (2), using 

l=[F[o],i?[o]] = n'"''~'"/('u;)r(u;)u'"-"'0-r(u;)/(w) = /(u; + m-mo)r(u; + m-mo)-r('u;)/('u;), 

from this and (5.35), we obtain (5.36). 

(3) Denote u = a{u), w = a{w) (then wu = u{w + 1)), a = ttiq — m, and ' = d^. Using (5.35) 
and (5.36), one can see f'{w)r{w) = 0. Then (" = " means equality under taking tr) 

a{G)dMF) ^ a^(a(F[o]))<T(i?[o]) = ((n«)7(«)) +^"/'(w)))r(tD)n-" 

a-l 

= J2 u'^~^~^u'u^ f{w)r{w)u~°- + f'{w)r{w) 
i=0 
a— 1 a— I 

= ^ u'u^ f{w)r{w)u~'^^^ = u'u~^ ^ f{w — i — l)r{w — i — \) 
= u'u~^w = u'v = cj{v)dwcr{u). 
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